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Strongly correlated oxides, including high-temperature superconductors such as cuprates
and nickelates, exhibit complex quantum phenomena that can challenge conventional elec-
tronic structure theories. This thesis develops and applies advanced computational meth-
ods to study these systems, aiming to provide a comprehensive first-principles description
of their structural, spin, and electronic properties. First, a novel cluster slave-particle
method is introduced to improve the treatment of electron correlations in extended Hub-
bard models, capturing strong correlation effects with high computational efficiency and
benchmarking well against established many-body techniques. This method is then com-
bined with density functional theory calculations and applied to cuprates, where we demon-
strate how structural distortions significantly impact interlayer couplings, charge-transfer
gaps, spin correlations, and therefore electron pairing. Next, interlayer coupling mech-
anisms in cuprates are systematically investigated, leading to analytical expressions for
estimating hopping strengths and effective interlayer couplings based on crystal structure.
These frameworks further enable us to assist our experimental collaborators in understand-
ing the effects of Praseodymium doping in YBay,Cu3O7_,. Extending these insights to
nickelates, the thesis explores the spin fluctuation effects in infinite-layer nickelates and
estimates exchange interactions that drive unique magnetoresistive effects. By integrating
many-body theory, first-principles calculations, and experimental data, this work advances
the understanding of correlated electron systems and provides guidance for the design of

new superconducting materials.
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Chapter 1

Introduction

Strongly correlated materials represent a fascinating and diverse class of compounds that
exhibit unusual and technologically signi cant electronic and magnetic properties, such
as metal-insulator transitions [1, 2], heavy fermion behavior [3, 4], spin-charge separation
[5, 6], and high-temperature superconductivity [7, 8]. These materials, often referred to as
“‘gquantum materials,” cannot often be effectively described using non-interacting particle
models. Instead, the electrons within these systems exhibit complex, highly correlated
behavior that necessitates theoretical models incorporating explicit electronic correlations
for accurate predictions. A signi cant subset of these materials includes transition metal
oxides, such as high-temperature superconducting cuprates and Mott insulators, which
display remarkable phenomena like multiferroicity and metal-insulator transitions, making
them essential for both fundamental physics and potential technological applications.
Among transition metal oxides, cuprates and nickelates have attracted intense inter-
est due to their unconventional superconducting behavior and complicated normal-state
properties. The normal state of doped cuprates remains mysterious, exhibiting a range
of unusual features such as the pseudogap phase [9-12], strange metallicity [13-17], and
guantum critical uctuations [18—-21]. Understanding the physical origin of these phe-
nomena is crucial, as they may provide essential clues about the mechanisms underlying
superconductivity. While various theoretical models have been proposed, including pre-

formed pairs [22—25] and competing orders [26—28], there is no consensus on the dominant



mechanism governing their behavior. The presence of structural distortions and interlayer
couplings further complicates the picture, requiring a comprehensive approach that incor-
porates both electronic correlations and realistic material structures.

Theoretical modeling of strongly correlated materials presents signi cant challenges.
Density functional theory (DFT) [29, 30] is a powerful tool for studying materials from
rst principles, providing accurate descriptions of ground-state properties. However, for
materials with strong electronic correlations, conventional DFT approaches struggle to
capture key properties such as Mott insulating states and spin uctuations. Because of this,
researchers use quantum many-body techniques to study these systems more accurately.
To bridge the gap between rst-principles simulations and many-body models, Wannier
function-based approaches [31] help build effective tight-binding models from DFT cal-
culations. These effective Hamiltonians serve as the foundation for more advanced theo-
retical treatments of electronic correlations, allowing for a detailed analysis of low-energy
excitations and emergent phases. Based on the effective models, many-body methods
such as slave-particle techniques [32-34], dynamical mean- eld theory (DMFT) [35-38],
and density matrix renormalization group (DMRG) [39, 40] provide valuable insights into
electronic correlations beyond standard DFT.

This thesis aims to address several challenges in understanding strongly correlated
systems by developing new computational methods and applying them to key material
families such as cuprate and nickelate superconductors. The chapters are structured to
re ect a continuous progression from methodological advancements to their application
in tackling speci ¢ physical problems.

Chapter 2 introduces the theoretical foundation of the computational tools used through-
out the thesis. It begins with an introduction to DFT, including its strengths and limitations
when applied to strongly correlated systems. Then it describes the construction of Wan-
nier functions, which play a central role in bridging rst-principles calculations with model
Hamiltonians. Several post-processing calculation approaches based on the Wannierized
tight-binding model are also included.

Chapter 3 introduces a novel cluster slave-particle method. This method addresses the



shortcomings of traditional slave-particle approaches by incorporating a density matrix
expansion that improves the treatment of electron interactions on a lattice. The chapter
presents both the theoretical framework and numerical results, demonstrating the accuracy
and computational ef ciency of the method when applied to Hubbard models.

Chapter 4 transitions from methodological development to application, focusing on
structural distortions in high-temperature superconductors. Using rst-principles DFT
calculations, it explores the effects of doping, lattice symmetry breaking, and surface
phenomena on electronic and magnetic properties. The chapter also discusses how these
distortions in uence competing magnetic phases and the Fermi surface, with direct impli-
cations for understanding superconductivity and charge ordering in cuprates. The cluster
slave-particle method in Chapter 3 is used in this work to study the strong spin uctuation
and correlations in this system.

Expanding on the insights from Chapter 4, Chapter 5 aims to explore the direct rela-
tion between crystal structural properties and electronic structures. It examines interlayer
coupling mechanisms in multilayer cuprates. Analytical forms for interlayer hoppings
are derived, and structural estimators are proposed to predict effective coupling strengths
based only on the crystal structure of the material. The study highlights the relationship
between crystal structure and electronic behavior, offering a predictive framework for un-
derstanding band splitting and other interlayer phenomena.

This thesis also includes two collaborative projects with experimental groups at Yale
University, both focusing on the effects of dopants in either cuprate or nickelate super-
conductors. By integrating experimental techniques such as x-ray diffraction and angle-
resolved photoemission spectroscopy (ARPES) with rst-principles calculations, Chap-
ter 6 examines the rapid suppression of the superconducting transition temperature and
CuG, bilayer decoupling in Pr-doped YB@wO; . Notably, the theoretical model de-
veloped in Chapter 5 plays a crucial role in accurately determining interlayer couplings
in this system, offering valuable insights into the impact of dopants. Chapter 7 extends
this discussion to nickelate superconductors, investigating the unconventional supercon-

ductivity and magnetoresistivity in Ndy Eu,NiO, thin Ims under strong external mag-



netic elds. Both projects highlight the tunability of superconducting properties through
chemical substitution, providing important guidance for the design of highsprate and

nickelate superconductors.



Chapter 2

Methods

2.1 Density Functional Theory

Density Functional Theory (DFT) is a fundamental tool in computational physics and
chemistry, widely used to study the electronic structure of materials. Introduced in the
1960s by Hohenberg, Kohn, and Sham [29, 30], DFT reformulates the many-body prob-
lem of interacting electrons into a more tractable single-particle framework based on the
electron densityn(r). The key insight of DFT is that the ground-state properties of a
many-electron system can be described entirely by the electron density, a function of just
three spatial variables and spin.

The non-relativistic Scladinger equation for aN -electron system in the Born-Oppenheimer

approximation is given by (we drop the spin indices for simplicity):
H(frigg=E( frig); (2.1)
where the Hamiltoniai is composed of three terms:
H =T+ Veet+ V! (2.2)

Here,T is the kinetic energy operatdre. describes electron-electron interactions, sgd



accounts for electron-ion interactions:

T= }x* r2 (2.3)
2i:1 :
X
Vee = % i 1”.; (2.4)
iej '
X
Vei = v(ri); (2.5)

where the ionic potential(r), determined by the chargg and positionR, of the ions

indexed byl , is given by: X
Z
v(r) = . - 2.6
0= R (2.:6)

The many-body wavefunctioif fr;g) is an antisymmetric function &N electronic
spatial coordinatefr;g. The dimension of the Hilbert space grows exponentially with the
number of electrons, making direct solutions impractical for systems of practical interest.

The foundation of DFT is built on two theorems by Hohenberg and Kohn [29]:

Theorem 1: The external potential(r) is uniquely determined by the ground-state
electron densityn(r), up to an additive constant. This implies a one-to-one corre-

spondence betweerfr) andn(r).

Theorem 2: For a given external potenti&(r), the ground-state enerdy, is a
functional of the electron densitl, [n], which is minimized at the true ground-state

densityno(r).

Based on Hohenberg—Kohn theorems, the total energy functibjmglcan then be
written as: 7

E[n]= F[n]+  n(r)v(r) &r; (2.7)

whereF [n] is the universal functional of the electron density. One can further wifitg

as:

F[n] = Ts[n]+ En[n]+ Exc[nl: (2.8)



Here, Ts[n] is the kinetic energy of a non-interacting system with dens(ty), Ey [n] is

the Hartree energy representing classical electron-electron repulsion. All remaining things
in F[n] are absorbed i&[n], referred to as the exchange-correlation energy. However,
there is no analytical formula for one to comp&tf] or E.[n] from a givenn(r).

The above formulae require minimization of a functional over the electron density.
Kohn and Sham further introduced a framework that maps the interacting many-body sys-
tem onto a ctitious system of non-interacting electrons with the same density [30], and
converts this minimization problem to an eigenstate problem. The electron density is ex-

pressed as:
X\I . .2
niry= j (N5 (2.9)

i=1
where ;(r) are the orthonormal Kohn—Sham orbitals, obtained by solving the Kohn—Sham
equations:
1
> 24 ver(r) i(r)= i i(r): (2.10)

The effective potentiales(r) is given by:

Verr(r) = v(r) + jrn(—ro)d?’ro+ Vie(1); (2.11)

rg

wherev,.(r) is the exchange-correlation potential:

EXC[n].
n(r)

Voo () = (2.12)

In principle, DFT can provide exact predictions of ground-state properties such as total en-
ergies, electron densities, and forces with the exact exchange-correlation petgtjal

Now the remaining problem is what is exchange-correlation potential or exchange-
correlation energy functional? In fact, the exact form of the exchange-correlation func-
tional E«:[n] is unknown and must be approximated. In that sense, DFT accuracy de-
pends on the choice of exchange-correlation energy functional. Standard approximations

include:



Local Density Approximation (LDA) [30]: Assume<,. depends only on the local

electron density: 7
EL2AINI = n(r) xe(n(r)) or: (2.13)
Generalized Gradient Approximation (GGA) [41,42]: Includes the density gra-
dient: 7
ESSAN] = n(r) x(n(r);r n(r)) d: (2.14)

Standard LDA and GGA functionals often underestimate band gaps in semiconductors
and insulators due to self-interaction errors (SIE) in approximate exchange-correlation
functionals [43—-46]. To address this limitation, the DRI +ethod [41] introduces a
HubbardU correction, selectively applied to a speci ¢ subset of states, typichllgr
f -shells. This correction signi cantly improves band gap predictions, particularly in tran-
sition metal oxides [47].

More advanced methods, such as hybrid functionals, offer improved agreement with
experimental ground-state properties [48-50]. In the meantime, they are often computa-
tionally expensive. In practice, choosing the appropriate DFT functional requires balanc-
ing accuracy and computational ef ciency. Within the context of this thesis, we use GGA
functionals with either the Perdew—Burke—Ernzerhof (PBE) formulation [41, 42] or the
strongly constrained and appropriately normed (SCAN) functional [51]. Additionally, we
incorporate DFT+U corrections, following values established in prior studies [52-54], to
further improve the accuracy of our results.

In this thesis, DFT calculations serve as the starting point of all our studies on com-
plex oxides such as cuprate and nickelate superconductors. We extensively use the Vienna
ab initio simulation package (VASP) [55, 56], which utilizes a plane-wave basis set and
projector-augmented wave (PAW) pseudopotentials [57,58]. In addition, we use the Span-
ish Initiative for Electronic Simulations with Thousands of Atoms (SIESTA) package [59]
package, which is based on atomic-like numerical orbitals and much faster than VASP. In
Chapter 4, SIESTA helps speed up the relaxation of large supercells, providing a chemi-

cally reasonable starting point for further structural optimization in VASP.



2.2 \Wannier Functions

The electronic properties of crystals are often described in terms of Bloch functions, which
are eigenstates of a one-particle (e.g., Kohn—Sham) Hamiltonian in periodic systems. The
delocalized nature of the Bloch functions makes them poorly suited for analyzing local
phenomena like chemical bonding, polarization, and magnetism. To address this limita-
tion, Wannier functions provide a framework for localizing electronic states while retain-
ing the completeness and orthonormality of the Bloch basis [60].

Wannier functions are constructed through a Fourier transform of Bloch states. For a

single isolated band, the Wannier function localized at a latticdsitede ned as
1 X ik R
WnR (I‘) = pﬁ e nk(r); (2-15)

where ,(r) are the Bloch wavefunctiong, is a wavevector in the Brillouin zone, and
N is the total number ok-points in the discrete sampling. Wannier functions are or-
thonormal and form a complete basis for the subspace spanned by the Bloch states of the

corresponding band:

x - - - X - - .
P, = J nkih ngj = JWhrihWpRj: (2.16)
k R
This orthonormality and completeness make Wannier functions analogous to atomic or-
bitals, while their dependence on the periodic lattice symmetry ensures an accurate repre-
sentation of crystalline properties.

Unfortunately, the de nition of Wannier functions involves additional degrees of free-

dom, including arbitrary phase factors and unitary mixing of Bloch states. For example,

X . .
Wir (1) = plﬁ e KR (r)d (2.17)
k

with arbitrary phase factoe * are all valid Wannier functions. In addition, one can make

any unitary mixing among them as well when describing the Hilbert subspace spanned by



a set of bands: X
~nk(r) = mk(r)Uri:m (2-18)

m

Hence, the de nition of Wannier functions is quite exible. Mathematically, any local-
ized Wannier functions (i.e. decaying faster themrj) are generally acceptable. The
concept of maximally localized Wannier functions (MLWFs), introduced by Marzari and

Vanderbilt [31], is based on minimizing the spread functional,

X
= hr2i, hri2 ; (2.19)

n
over the phase or unitary degrees of freedom described above. The minimization of
ensures that the Wannier functions are as localized as possible, resembling atomic-like
orbitals while capturing the in uence of the crystalline environment.

Wannier functions have diverse applications in condensed matter physics and mate-
rials science. They serve as the basis for constructing tight-binding models, where the
hopping parameters extracted from Wannier functions can be used to capture the elec-
tronic structure and interactions in a simpli ed framework [31, 61, 62]. Moreover, Wan-
nier functions facilitate ef cient interpolation of electronic band structures, enabling high-
resolution computations with coarkepoint sampling. These advantages make Wannier
functions an essential tool for rst-principles modeling of electronic properties in complex
materials.

This thesis employs Wannier functions for analyzing electronic properties and con-
structing tight-binding models. The Wannier90 package [63] is used extensively for these

purposes.

2.3 Wannierized Tight-Binding Model

The Wannierized tight-binding model, derived from DFT calculations, provides a powerful
framework for developing a microscopic understanding of the system. In this section, we

introduce several approaches for computing various useful observables using such a tight-
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binding model.

2.3.1 Unfolded Band Structure

The study of electronic band structures is fundamental for understanding the physical prop-
erties of crystalline materials. In ideal systems, the periodicity of the crystal lattice allows
the use of a primitive cell to describe the electronic structure in the corresponding prim-
itive Brillouin zone (PBZ). However, in many scenarios, such as systems with defects,
disorder, or surface reconstructions, the use of a larger (non-primitive) supercell is un-
avoidable. This leads to a folded band structure in the smaller supercell Brillouin zone
(SBZ). This folding complicates the identi cation of the system's intrinsic momentum-
dependent electronic properties which are better represented in the PBZ. The goal of band
structure unfolding is to map the results of supercell calculations onto the PBZ and re-
cover an effective band structure (EBS). The EBS provides direct insight into the system'’s
behavior and allows comparison with experiments such as angle-resolved photoemission
spectroscopy (ARPES).

Here we will derive the unfolding formulas for localized basis functions, such as Wan-
nier functions. A convenient notation involves using uppercase and lowercase letters to
represent variables for the supercell (SC) and primitive cell (PC), respectively. The sites
of the PC and SC systems are described ttyandf R g, respectively. In the PC system,
atomic orbitals are denoted psni, with corresponding uppercase letters used for the SC
system. There areandL unit cells in the PC and SC descriptions, respectively, with
I = NL with N the number of copies of the primitive cell creating the supercell.

Fig. 2.1 shows an example of the PC and SC in a 1D chain of atoms, where a green
atom replaces a blue atom in each supercell and breaks the translational symmetry of the
primitive cell. For example, the Wannier functioji®y; m,i andjRy + a; myi in the PC
basis are obviously not translational related. Fig. 2.1 further shows two descriptions in
the SC and PC basis for each orbital location. More generally, the mapping between two
descriptions is that an orbitfRM i in the SC is notated g& + r(M); m(M )i in the PC.

Within band theory, the band structure for the SC is contained in the spectral func-
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Figure 2.1: An example of PC and SC choice in a 1D chain of atoms. The small red
dashed box is PC, while the large black box is SC. Red, blue, and green circles represent
different types of atoms. The SC and PC basis notations are listed above and below each
atom.

tion Ag (') = (! Ex ) whereEk ; is a SC band energy whose band function has
expansions coef cientCl ; in the Wannier basis. For the Wannierized tight-binding
model, this can be done by diagonalizing the tight-binding Hamiltonian in the Wannier
basis atk. The unfolded band structure spectral intensity in PM basis is de ned as
Am(?) = P « 5 IhkmjK Jij 2Ax 5 (1) [64], which requires the knowledge of the matrix
elemenfhkmjK Jij 2.

Here we will compute this matrix element. We rst expand the eigenstates to the
localized orbital basis: X

jKJi=  CYjKMi; (2.20)
N

whereJ is a band index. One can further Fourier transform it to real space:

U N S
KMi = p—E X RiRMi: (2.21)
R
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Now we can rewrite the matrix element by inserting some identity operators:

X
kmjKJi=  tkmjKMihKM jKJi
X
= tkmjRMihRM jKMihKM jKJi (2.22)
RM
= KmjR+r(M);m(M)ihRM jKMiIhKM jKJi;
RM

where one of the ket vectpRM i in the SC is rewritten gR + r(M); m(M )i in the PC

basis. Then using the Fourier transform relation in Eq. (2.21), we have

o P X . -
hkmjKJi=" 1=L1 ¢ WReg ikrM) KM jKJi

RM
p—X ik (M) e 1
= L=l e mmM) Kk KM jKJi (2.23)
M
p_X ik (M) M
= N e mm M) k1K Ck g
M

where [k] denotes the& point folded into the SBZ fronk, i.e. the matrix element is
non-zero only whei = k G for some PM reciprocal lattice vect@.

This formalism provides a rigorous framework for recovering unfolded band structures
from supercell calculations. This allows for a direct comparison between computational
electronic structure results and experimental measurements [65—68]. The method is par-
ticularly powerful for systems with disorder, defects, or perturbations, where the effective

band structure reveals directly and visually the deviations from ideal periodicity.

2.3.2 Exchange Interactions

The accurate computation of exchange constants in magnetic systems is critical for under-
standing and modeling their magnetic properties. This section describes a method based
on Green's function formalism [69, 70], combined with the Wannier function projection
technique, to calculate the isotropic exchange interaction parandgteysa Heisenberg

model description of a magnetic system. The Heisenberg Hamiltonian, used to describe
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localized spin systems, is expressed as:

H= JS S; (2.24)
] ]

wherehj i denotes summation over pairs of interacting spisrepresents the exchange
interaction parameter, arg} is the spin operator on site

Traditional approaches to determinidg within DFT often involve total energy cal-
culations across multiple magnetic con gurations. However, this method has limitations,
such as the computational cost for complex systems and the lack of insight into individual
orbital contributions and orbital exchange mechanisms. To address these challenges, the
Green's function approach offers a powerful alternative by providing analytical expres-
sions for exchange constants, facilitating a deeper understanding of magnetic interactions
at the orbital level.

For simplicity, we will skip detailed derivations and explain the basic ideas of this
theory. The Green's function method uses the local force theorem [71] to compute changes
in total energy due to small spin rotations. For the Heisenberg model, the corresponding

classical Hamiltonian is represented as:

X
H = Jje e (2.25)

hij i

whereeg; is a unit vector indicating the direction of the magnetization onisite
The basic idea for determining the exchange paraméfeis to apply a small devia-

tion of some magnetic moments from the ground-state magnetic con guration and then to
calculate the total energy variatiof . For instance, for a ferromagnetic ground state, one
can rotate the spin moment at site 0 by an angévay from the ground state spin direc-
tion. In this way, one can determine the effective exchange parathgtehich accounts

for the interactions of the selected atom with the entire crystal. In this scenario, Eq. (2.25)
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simpli es to the following expression:

X
Eo=2 Jg(1 cos) Jo?3 (2.26)

i

X
Jo= Joj : (2.27)

]
Similarly, the pair interaction paramete¥g can be derived by analyzing the rotational
energy of two spin moments located at sitendj, rotated by opposite angles =2.
Additionally, it is essential to subtract the interaction energies of icarsdj with their

surrounding environment. This leads to the expression:

Ef=Ey Ei Ej; (2.28)
1 2
= Jij (1 cos) éJij . (2.29)
As | 0, the exchange interactialj corresponds to the system's response to pertur-

bations caused by spin rotations. This relationship can be expressed in terms of Green's
functions [70]. The tb2J software package [72], which incorporates the relevant formulas,
is utilized in this thesis to calculate exchange interactions from the Wannierized tight-

binding model.

2.4 Density Matrix Renormalization Group

The Density Matrix Renormalization Group (DMRG) is a variational numerical method
initially introduced by S.R. White in 1992 [39, 73] to study strongly correlated systems
in condensed matter physics. Over time, it has been extended to various elds, including
guantum chemistry and nuclear physics, due to its ability to accurately compute ground-
state properties in low-dimensional quantum systems.

In quantum many-body systems, the size of the Hilbert space grows exponentially

15



with the system siz&l. For a system oN spins—;, the Hilbert space dimension 2',
making exact diagonalization infeasible for lafge Variational methods, such as DMRG,
address this challenge by approximating the wavefunction using a reduced basis optimized
to capture the system's essential physics.

The complete algorithm of DMRG requires lengthy descriptions [74], so here we only
explain the main idea. A quantum system is divided into two subsystems, denoted as
andB. The total wavefunction of the system can be written in the Schmidt decomposition
form: X p_

ji= MR (2.30)
i
wherefj £ig andfj Big are orthonormal basis states of subsysténamdB, and ; are
the Schmidt coef cients. By tracing out the physical degrees of freedom in subsistem

the reduced density matrix for subsysténms given by:

W=TraG i D= fin A (2.31)
i
This reduced density matrix, contains all the information necessary to describe local
observables within subsystetn(and similarly forB).
A key measure of quantum entanglement between the two subsystems is the entangle-
ment entropy, de ned as:

S= iln i (2.32)

The magnitude of entanglement entropy has direct implications for the ef ciency of the
DMRG algorithm. WhenS is small, only a few Schmidt statgs*i have signi cant
weights, meaning the system can be accurately represented using a small number of basis
states. This makes DMRG highly ef cient, as only a limited number of states need to
be retained. Conversely, whéhis large, a larger number of basis states are required to
faithfully represent the wavefunction, signi cantly increasing computational costs.

In DMRG, the basis states are truncated by retaining onlyriHargest eigenvalues

of the reduced density matrix,. The parametem is chosen to balance computational
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ef ciency and truncation accuracy. This approach minimizes truncation errors, ensuring
that the discarded states have a negligible contribution to the system's entanglement.
DMRG is patrticularly effective for one-dimensional (1D) systems due to the favorable
scaling of entanglement entropy. For gapped 1D systems, entanglement entropy saturates
to a constant (following the area law), ensuring that the number of staresjuired for
accurate results grows only polynomially with system size. This makes DMRG computa-
tionally feasible even for large systems. However, in higher-dimensional systems, where
entanglement entropy grows more rapidly, the number of retained statesst increase
signi cantly, reducing the ef ciency of DMRG. In this thesis, we perform DMRG calcu-
lations using the ITensor software package to benchmark our many-body calculations for

1D systems [75, 76].

2.5 Slave-particle theory

The slave-particle theory is an approximate method for many-body calculations in the
Hubbard model. Since Chapter 3 discusses the development of this theory in detail, we
omit its introduction here to avoid redundancy. For a comprehensive overview, please refer

to Chapter 3.
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Chapter 3

Cluster Slave-Particle Theory

This chapter is adapted from an article entitled “Bond-dependent slave-particle cluster
theory based on density matrix expansion” by Zheting Jin and Sohrab Ismail-Beigi that

was published in Physical ReviewlB7, 115153 (2023) [link].

Ef cient and accurate computational methods for dealing with interacting electron
problems on a lattice are of broad interest to the condensed matter community. For in-
teracting Hubbard models, we introduce a cluster slave-particle approach that provides
signi cant computational savings with high accuracy for total energies, site occupancies,
and interaction energies. Compared to exact benchmarks using density matrix renormal-
ization group ford-p Hubbard models, our approach delivers accurate results using two
to three orders of magnitude lower computational cost. Our method is based on a novel
slave-particle decomposition with an improved description of particle hoppings, and a new
density matrix expansion method where the interacting lattice slave-particle problem is
then turned into a set of overlapping real-space clusters which are solved self-consistently

with appropriate physical matching constraints at shared lattice sites between clusters.

3.1 Introduction

One of the outstanding challenges in condensed matter physics is to nd computationally

ef cient and simultaneously accurate methods to describe interacting electron systems
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for large lattices (e.g., crystalline materials). For the case where localized electronic in-
teractions dominate, the Hubbard model provides a speci ¢ theoretical model that can
describe key aspects of many important materials such as superconductors, magnets, or
metal-insulator systems. Hence, a large amount of research effort has been expended in
creating and improving methods for Hubbard systems.

Exact methods for Hubbard systems are limited to low dimensions or nite sizes. The
ground state of the one-dimensional (1D) half- lled single-orbital Hubbard model can be
solved analytically using the Bethe ansatz [77, 78]. In addition, extremely high accurate
results can be obtained using numerical methods including the density matrix renormaliza-
tion group (DMRG) [39,40] and quantum Monte Carlos (QMC) [79]. However, for higher-
dimensional models, only small lattices (or small fragments of lattices) can be solved by
these numerical methods. Hence, an outstanding challenge is to nd methods that work
well in low and high dimensions, and (at present) this requires making approximations.

One approximate approach for the Hubbard model is the slave-particle method, also
known as the slave or auxiliary or subsidiary boson method (e.g., our previously published
Boson Subsidiary-Solver (BoSS) software [S0]. It was rst proposed [81, 82] for ana-
lytical calculations in the in nite interaction limit and as an alternative to the Gutzwiller
variational approach [33, 84]. It was then generalized to nite interactions by a func-
tional integral approach based on the slave-particle representation [85-87]. Since this
approach requires one auxiliary slave-particle for each possible electronic con guration,
whose number grows exponentially with the number of degrees of freedom on each site,
the required computations can become expensive for complex materials. Hence, more
economical slave-particle methods have been developed. These representations describe
the slave-particles via electron occupation numbers. Different methods have been devel-
oped based on the degrees of freedom treated by the slave particles, such as the slave-rotor
method [S8, 89] which can serve as an impurity solver [90], the slave-spin method [91]
which is orbital and spin selective, and a generalized approach that includes the above two
(and other variants) methods [32]. An auxiliary symmetry-breaking eld approach [33]

was then introduced to overcome dif culties in achieving spontaneous symmetry breaking
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in these approaches.

In slave-particle methods, the interacting electron problem is decomposed into a non-
interacting spinon problem on a lattice (easily solved using Bloch's theorem and diago-
nalization) and an interacting slave-particle problem on a lattice. The most common ap-
proach for solving the latter has been to use a single-site approximation. This is very
similar in spirit to the local single-site approximation in dynamical mean- eld theory
(DMFT) [35], a state-of-the-art method for (approximate) solutions to Hubbard models.
Single-site slave-particle approaches predict Mott transitions in high-dimensional systems
very well [92-97]. However, as a result of stronger uctuations in low-dimensional sys-
tems, the single-site treatments can cause signi cant errors. For example, the exact solu-
tion of the half- lled 1D Hubbard model [78] has no Mott transition for any nite inter-
action strengthJ, but a false Mott transition is predicted in the single-site slave-particle
theory and DMFT [33, 98-100].

For higher accuracy, one must go beyond the single-site approximation and consider
a local cluster of interacting lattice sites. Several cluster extension methods [101, ]
were proposed for slave-particle problems based on a cluster mean- eld approximation.
If one sets certain quasiparticle renormalization factors to unity, the cluster slave-particle
theory can be simpli ed [958, ] to the density-matrix embedding theory (DMET) [104,

]. However, setting the renormalization factors to unity leads to the appearance of
the bare inter-site hopping in the embedding spinon Hamiltonian, and this cannot repro-
duce interaction-induced band narrowing, e.g., as predicte@\yor DMFT calcula-
tions [1L06—109]. In addition, all existing cluster slave-particle, cluster DMFT, and cluster
DMET methods describe the cluster as a multi-site impurity connected to an averaged ex-
ternal bath. Inevitably, some chemical bonds with large associated hoppings are approxi-
mated as intercluster hoppings between different fragments of the systems, and the cutting
and modi cation of these bonds to form the clusters can cause large errors [36-38]. Con-
sequently, the nite cluster size effects lead to a trade-off between cluster size and errors in
these cluster methods [36,37,98, ,111]. The nite size errors are even more dif cult to

control in higher dimensional systems since the cluster surface grows with cluster radius
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rasrd 1,

In this work, we introduce a novel slave-particle method that addresses many prior
shortcomings. We present a bond-dependent slave-particle theory along with a cluster
decomposition based on a density matrix expansion. It has the following key features:

(i) The degrees of freedom involved in each slave bond are orbital+spin+bond, and the
free parameters in the slave operators are designed so that all unphysical, particle non-
conserving inter-site hoppings are forbidden (this was impossible in prior slave-particle
approaches).

(ii) Instead of coupling the interacting problem (site or cluster) to a mean- eld bath, a
density matrix expansion approach is used to reduce the interacting slave-particle lattice
problem to a set of separate cluster problems solved under appropriate constraints. The
clusters overlap with each other to span the whole lattice, so that they connect via the
interacting density matrices on the shared sites instead of via a mean- eld bath.

(iif) The resulting numerical method is highly ef cient and parallelizable: all the
benchmark tests od-p Hubbard models described below take on the order of one CPU
minute or serial computation to complete on a modern commodity laptop computer. In
addition, for a general-dimensional lattice and for a xed cluster size, the computational
cost only grows quadratically with the number of clusters in the whole system. The sep-
arate clusters can be solved in parallel, so that generalizations to large systems, higher
dimensions, and multiple orbitals per lattice site will have reasonable computational costs.

In the following, we describe the theory and then present numerical results based on its
implementation. As we will see, our theory reproduces remarkably accurate results with
low computational cost compared to our benchmark results either from exact diagonaliza-
tion or DMRG.

3.2 The Slave-Bond Representation

In this section, we introduce our slave-bond representation and explain how it generalizes

standard site-based slave-particle methods in a manner that allows one to avoid all un-
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physical particle-number-violating hopping processes in the slave-particle problem. We
compare our method to more familiar existing methods at each step to allow for a clear
comparison in the reader's mind.

We consider Hubbard Hamiltonians of the form

X X _
A= t e + A + AN (3.1)

where Greek-letter indices combine the site indiceisj , orbital indicesm; m® and
spin indices; °together, ranging over all sites, orbitals, and spins in the system, i.e.,
im . The¢ is a fermion annihilation operator removing an electron from localized
state ,andh =4¥¢ is the fermion number counting operator for stateThet and
denote hopping and onsite energies, respectively. The electron-electron interaction term
F " is the sum of local operators at each ﬁlq@t, which in the simplest case are given by

the classic HubbardJ” form
. X _ X
ﬁlm = |qimt = Uim him " him # (32)

where each site and spatial orbital can, in principle, have its unique interaction strength
U . Additional local interactions that depend on the electron cofintare completely
straightforward to include requiring no change of formalism [32, 33].

The standard approaches for slave-particles [32, 33, 88-91, , , ] replace the
physical electron operators on each site by a combination of a non-interacting fermion

(called a spinon) and an interacting auxiliary or slave particle in a completely local manner:
e ! 0 ;

wheref" is the non-interacting fermion annihilation operator, ad is the lowering
ladder operator for the slave particles. Accordingly, the original physical electron Hilbert
space is mapped onto a larger Hilbert specé H ; H ¢ whereH; andHg are the

Hilbert spaces of the spinons and slave particles, respectively. The spinon Hilbert space
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H:, being a fermionic one, contains the same degrees of freedom as the original electron
problem, but the physical modes for the slave particles vary based on the type of slave
model chosen. For example, if all degrees of freedoare explicitly described in slave-
particle Hilbert space, it is known as the “slave-spin” or “spin+orbital” method [32, 91].

The eventual goal of any slave-particle method is to have the spinons carry the fermionic
spin of the original electron, while the slave-particles carry the charge of the electron, and
by decoupling them one has two easier problems to solve (see the next section). How-
ever, at this stage, one is still considering an exact reformulation, so the spinons and slave
particles always move together during a hopping process in a correlated manner. Mathe-
matically, it means that in the enlarged Hilbert speige H s, there is a subset of physical
states where the number of spinons and slave particles are equal for eachstath
form a faithful one-to-one representation of the original states of the physical electrons
jni:

iniliy N f=n:N =ni; (3.3)

wheren ;n';N are the occupation numbers of the physical electron, spinon, and slaves,
respectively, and can take the values of 0 or 1. We will call these states the “physical” or
“number-matching” states in what follows.

With this short review concluded, we now de ne our slave-bond formalism. Our for-
malism lives in the same Hilbert space as betdge H s, and the novelty is in how we
choose to de ne the slave-particle operators. Our approach is based on using the full mi-
croscopic set of local quantum numbers im for the slave-particle description. We
take a pair of localized states to de ne the bond with associated hopping operators
¢’¢ which moves an electron fromto . We de ne our slave-bond representation by
using the spinon fermionic operatdf\s as before but de ning slaves-particle operators

that have a bond inddx i, so the operator replacement is now given by
et O, O i (3.4)

To make the action of " &”, O, ; on the physical statgg’ = n ;N = n i
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identical to that ofY ¢ on the original electron stat@s i, Appendix 3.8.1 shows that the

lowering operatoé h i must take the form

0 1
ohi:@o 1A; (3.5)
ch, ; O

with the basis ordered &N = 0i, JN = 1lig. The numberc ,, ; is often called

the “gauge”, and its value is arbitrary at present since we are dealing with the exact
problem with no approximations within the physical subspace. The constraints deter-
mining its value will be described in Sec. 3.3. Appendix 3.8.1 also shows that the form

of Eq. (3.5) also guarantees that anti-commutation relations are obeyed for the collective

bond spinon+slave operator:
n 0
O, ;Y . = (3.6)

It is important to clarify that the individual site-based slave-particle lowering operators
O . | resemble but areot bosonic eld operators. They are de ned in such a way to
obey Eg. (3.6). Hence, our theory is a slave-particle theory and not a slave-boson theory.

In contrast to prior slave-particle theories, the slave-bond operators in our theory are
non-local. Figure 3.1 shows examples of bonds (double-arrow lines) on a checkerboard
lattice, where the bonds can correspond to hopping processes in the Hamiltonian, e.g.,
nearest-neighbor hopping (orange) and next-nearest-neighbor hopping (green). However,
one can also consider longer-ranged slave-bonds (purple). Therefore, in principle, there
are a huge number of bonds in a crystalline system. But, in practice, only a small subset
contributes to observables like the Hamiltonian. For example, only bonds with non-zero
hoppingst 6 O contribute to the total energy, and these are typically only the nearest
and next-nearest neighbors. From a pragmatic viewpoint, in our work below we only need
to de ne slave-bond operators on the bonds that appeartwité 0 in Eq. (3.1).

To compare to previous slave-particle methods, for a given hond, our slave-bond

approach can be viewed as a recipe similar to the prior site-based slave-particle approaches
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Figure 3.1: An illustration of a checkerboard lattice structure representing a metal oxide
2D layer. Red circles represent correlatesites (transition metals), and blue circles are
non-interactingp sites (oxygens). The double-arrow lines illustrate examples of bonds
used to de ne the slave-particle operators. The dashed black ellipses indicatg-the
clusters in the layer which overlap with each other on the correthssgs.

where one does the replacement
¢ ! fl\é h - (37)

Even though the mapping of Eq. (3.7) is mathematically correct (as detailed in Appendix 3.8.1),
it shows an index mismatch from both sides. Physically, it originates from the fact that the
slave bonds are non-local; operationally, what it means is that mapping of Eq. (3.7) only
makes sense in the context of the hopping part of the Hamiltonian which is the sum over

bonds: for each bond , one can do the mapping in Eq. (3.7) without confusion.
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3.3 Slave-Particle Decomposition

With the slave-bond representation, the Hamiltonian of Eq. (3.1) in the enlarged Hilbert

space turns into

X X X
A= "t PO, On i+ n+ A 3.8)

where, againj is a site index and Greek-letter indices combine site, orbital, and spin
together. The local interaction term in the original electron Hamiltonian can be described
by the slave particles alone through™ = P Ui K- N 5. The dif culty is that in
addition to the physical or number-matching states, the enlarged Hilbert Bpadd o

also contains numerous unphysical states, e.g., a state spth=a; N = 1i where the
number of spinons and slaves do not match for localized stalie an exact treatment of

the interacting problem, these states are excluded. However, to make practical progress,
one must make approximations.

The rst approximation common to all slave-particle approaches, including ours, is
to decouple the spinon and slave problems. The simplest way forward is to approximate
the density matrix for the joint spinon+slave systegaby a product of a spinon density
matrix ¢ and a slave density matrix, i.e., ot = ¢ s- This decouples the two
problems at the cost of losing the concerted or correlated description of the spinon and
slave particles during the hopping process along each bond. The best one can do is to
ensure agreement on average. Hence, one enforces a matching of the expectation values

of the number operators for each state
i = WS g (3.9)

Here, expectations are de ned in the standard way: for any opefaeting in the spinon
space, we havbfi; = Tr( A% ); similarly, for any operatoB acting in the slave space,
we havetBi; = Tr( B”). Heren andN are number operators in spinon and slave

Hilbert space, and we will drop thie superscript on the spinon number operator going
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forward.
Given this approximate density matrix, the average of a hopping process along a bond

in Eq. (3.4) factorizes as
H!Vfl\éyh iOh ii:H’A’/fAifkéyh iéh iiSZ (310)

Most generally, the expectation of the product operdBr of a spinon operatoA and

slave operatoB factorizes as

MBI =Tr ABN A
=mr Ax Tr B~ = hAiiWBis:

(3.11)

The decoupling in Eg. (3.10) results in two simpler problems to be solved instead of
the original electron problem. The easiest way to achieve this is to consider the variational
problem of minimizing the total enerdy = hHi under the occupation number constraints
of Eq. (3.9) as well as more obvious constraints of the normalization of the density ma-
tricesTr(”;) = Tr(™ ) = 1. Using the Lagrange multiplier approach, we consider the

unconstrained minimization of the functién

X X
F = i h h K i h°(  hniy)
(3.12)
£ (Mr(Me) 1) s(Tr(%s) 1)

Hereh ;h® are Lagrange multipliers for the mean occupation numbers of the slaves and
spinons, while ¢ ; ¢ are the Lagrange multipliers for the normalization constraints. For
convenience, we have enforced occupation number matching via separate matching to
target spinon occupancies, whose values are determined variationally [33].

The differential ofF versus the two independent variabfgesand /s takes the form

dF =Tr(( Ay ((ldN)+Tr( As  SldA);

27



where the effective Hamiltonians for spinot$; () and slavesH) are

X X
t K, O, i+ ( +h%)h :

X X X (3.13)
t mfl\iféyh iéh i + h IQ + ﬁ_int:

Ry

A

Therefore, the original interacting electron problem is turned into a non-interacting spinon
problem with symmetry-breaking eld (onsite energi&8)and an interacting slave prob-

lem with onsite energiels . Both Hamiltonian problems contain hopping terms that are
renormalized by averages of the other problem, and the renormalization factors are to be
determined self-consistently at the minimum energy con guration. The expectation values
of observables are then described by the minimizing spinon and slave density matrices.

Since we have created an approximation to the problem, the choice of gauge numbers
c r i will now matter. In previous slave-particle methods [32,88,91], the gauge is chosen
to ensure that in the non-interacting limit, the spinon system alone will faithfully describe
the original electron problem. In these prior approaches, the purely local replacement
e ! o goes hand in hand with a single-site slave-particle approximation where
is approximated as a product over single-site density matrices /s N L. Then
the slave expectation over each bond factorizes as @10 is h &YishO is. The
gauge numbers are then chosen to ensui® is = 1 whenH!, = 0, and thus in the
non-interacting limit, the spinon Hamiltoniaf; of Eq. (3.13) will become identical to
the original electron Hamiltonian since the slave hopping renormalization fa@¥@ i
is replaced by unity. As we explain below, this methodology permits unphysical particle-
number-violating hopping process which creates signi cant errors in the total energy.

One of the virtues of our bond-based approach is that it eliminates such unphysical
processes. Consider the original electron Hamiltonian: the hopping on a given bond
h i is described by the termt &€ + H.c.. This term is Hermitian and particle-
conserving. In the Fock space, its only non-zero matrix elements are between the two
statesin = 0;n = li andjn = 1;n = 0i. Within the exact slave-particle de-

scription in the physical subspace, the same is true of the corresponding hopping operator

28



t &, O i+ H.c. because the fermionic spinon p¥" alone can ensure
that all other matrix elements are zero. However, once we approximately separate the
spinon and slave problems, the slave-particle HamiltoBlanf Eq. (3.13) does not nec-

essarily conserve particle number. The hopping along tond in H is proportional to

0 1
00 0 v
O0u O
Oy é h it Hec. = ; (314)
o Ou 0 0
vOoO o

where the basis is ordered@® =0;N =0i,jJN =0;N =1i,jN =1;N =0i,

jJN =1;N =1lig,andv=—cy, ;+Ccp jandu=1+ cy ic, ;. The physical

i
processes are proportionaluiavhile the unphysical ones are proportionavtdn contrast

to prior slave-particle methods where the gaagés a xed number for each local slave
mode , our approach provides the additional bond index which allows us to require the
additional constraint = ¢, i+ c, i =0orcy, { = ¢y . And the remaining
gauge freedom for bortd i (i.e., the value ot |, ;) is chosen to ensure the correct non-
interacting limit forA¢ , namely that®”, O , iis = 1 atzero interaction strengths. We

take the gauge numbecs, ; to be real so that the number of constraints (two) matches
the number of gauge variables on each bond. Detailed analytical formulas are summarized
in Appendix 3.8.3.

For a non-interacting problem, the slave renormalization factors are unity, so that the
spinon Hamiltonian alone is suf cient to compute the total eneidy and match the
original electron problem. In addition, slave-particle methods are analytically exact at the
large interaction limit [S81, 82], so one can view them as interpolation methods for nite
interaction strengths.

From a practical viewpoint, the spinon problem on the lattice is trivial to solve by
diagonalizing the associated one-particle Hamiltonian métfigiven byrt® = t +

( + h°) using Bloch's theorem. However, the slave Hamiltonian is still an interacting

many-body problem on a lattice and is impossible to solve exactly for a large lattice. Some
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Figure 3.2: An illustration of density matrix expansion for a one-dimensional system
with red and blue atoms, where black dashed clusters overlap at red atom sites. The
interacting density matrix and its reduced density matrices on sites are shown as dark
blue rectangles. The direct product of density matrices is represented by black solid lines
connecting rectangles.

approximations are required as per the next section.

3.4 Cluster Approximation

We now describe a novel cluster approximation based on a density matrix expansion that
maps the in nite lattice slave problem onto a set of coupled nite-sized interacting clus-
ters. We use overlapping clusters so that each chemical bond, e.g., transition-metal-oxygen
bond, is included in some clusters and will be described explicitly. A choice of overlap-
ping clusters for a two-dimensional corner-sharing (checkerboard) metal oxide layer is
illustrated by the dashed black ellipses in Fig. 3.1 where each cluster consists of three
sites: two interactingl sites and th site between them.

Each clusteCis small enough that one can, in principle, solve the many-body interact-
ing slave problem for that cluster directly. For describing ground states, this would provide
us with the cluster density matri%.. The question we address is how to take the set of

"cg over all the overlapping clusters and create a global quantum state (density matrix)

30



for the entire lattice which we can then use to compute observables like the total energy.
The density matrix* of the entire interacting slave problem will be approximated via

the following real-space, site-based cluster expansion:

|
O X O O
A= A+ Ao n N (3.15)
i C i2C k2C
The indiced andk refer to sites (atoms) in the system, ahds the single-site density

matrix for sitei obtained by tracing out the degrees of freedom at all other sites
N Tryei(M): (3.16)

The rst term in ~ of Eq. (3.15) approximates the density matrix of the entire system as
the tensor product over the single-site density matrices, and this represents the complexity
of almost all current slave-particle approaches: eachi sgesolved separately from the
rest (albeit self-consistently via some type of bath linking the sites). The second term in
Eqg. (3.15) improves by incorporating the additional correlations described by the cluster
compared to the single-site approximation. Figure 3.2 illustrates the density matrix ex-
pansion of Eqg. (3.15). One begins with the collection of single-site density matkices
creating an approximation which is then improved by adding the cluster-wide density ma-
trix contributions beyond the single-site approximation. This expansion is trivially exact
for an in nitely large cluster, while for nite-sized clusters, spatial correlations up to the
cluster size are explicitly included. These clusters connect or handshake with each other
via the single-site density matricéson the shared sites as explained below.

Since the”; are the basic variables describing the full systgnthe single-site of
Eq. (3.16) must also be derivable from thge Inserting Eq. (3.15) into Eq. (3.16) yields

the consistency condition X

1
N = N Tre i("o); (3.17)
' cjiec
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whereTr ¢ i(”c) is shorthand for

Trc i("c)  Triocikei(”c) (3.18)

which is the trace over all sites in clusteéexcluding sitea. The numbeM; is the number
of clusters that include site e.g., ad site in Fig. 3.1 ha#/; = 4 whereas @ site belongs

to a single cluster so it had; = 1. We will also use the shorthand
N9 =Tr ¢ (%) (3.19)

for the single-site density matrix at siteoming from the cluster density matrix of cluster
C

Eq. (3.17) states the sensible condition thas the average over all single-site density
matrices coming from the cluster that overlap at sitelowever, to describe a consistent
guantum state speci ed by for all sites, we require a stronger consistency condition
where the density matrix at each site is well-de ned and unique. Namely, we insist on the
additional constraints that

n=n9 gcj2c (3.20)

separately for all clusteiS containingi: i.e., all theM; contributions in Eq. (3.17) are the
same. Mathematically, for siiein clusterC we employ a matrix of Lagrange multipliers

A(Q) A(C)[,\
I |

! "i(c)]) to enforce the constraint.

with associated Lagrange multiplier tefiir(
Two additional properties of this constrained density matrix expansion are: (i) it has a
consistent description of short-ranged density matrices from the total density Myatax
Triec (™) = "candTryei (") = 7i; and (i) it approximates the long-range behavior of the
true density by single-site products: when sitesdj are far enough apart that they are

not both in a single cluster, th@mygi; (") =~ 7.
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Using the density matrix of Eq. (3.15), the total eneFgy: Tr( H[%  /]) turns into

E=T miL el WML PR, B,
i jih i29C
t WP 0, i, 0 i

jh i28C

c

(3.21)
ij 2i i 2j :
In this formula, the hopping energy has two parts. The rstis an intracluster hopping term
describing hopping between two states that are both inside of a clust€r(notation
h 12 9C): we can compute the associated slave-hopping expectation directly using the
cluster density matrix without any factorization approximation. The second intercluster
hopping term is for long-ranged hoppings between when both are not in a single
cluster: here the slave-hopping expectation factorizes into the product of two single-site
averages, and the consistency condition (3.20) ensures that the single-site averages of the
hopping operators are well de ned.

To minimizeE with the required constraints, we use the Lagrange multiplier approach

and consider the minimization of the functibn

0 82 3 91
X X < 1 X = X X
fee D me@E el o5 oA T T he
i cj2c ' ' cgizco ’ Ci 2¢
X X
R hai, ¢ Hi, 1 c hi .6 1
C

(3.22)
Each cluster has its own Lagrange multipliei@ to enforce mean occupancy matching

with the spinons is = HX i ., and ¢ enforce that the trace of the cluster density

c!
matrices are unity. Interestingly, as proved in Appendix 3.8.4, the additional constraints
introduced by™(? turn out to be redundant for the Hamiltonians of interest here given

that the mean particle numbers are already matched to the spinon occupncider a

© —
|

slave mode at sitei. So we can set all the 0 which is a signi cant simpli cation.

Redoing the logic of the minimization problem for this functiBbnyields the spinon
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HamiltonianH; and slave Hamiltoniaitc governing each cluste;

X X
Ry = t i, Op i ¥+ ( +h)n
X X X
qu: iﬁi'm+ h(C)M t H'A’,fl\l féyh iéh i
fizc V1 o on e | (3.23)
|
Lo R, i L0+ He
j 2C
jh i28cO

HereM is a shorthand that equals the number of clusters to which the sta®ngs
and is equivalent td; for any 2 i. The scaling factors of=M; and1=M in Hc
originate from the relations (3.16) and (3.17) for the single-site density m3triXhe
cluster Hamiltoniar ¢ contains intracluster hoppings ( rst hopping term) as well as long-
range intercluster hoppingh ( i is not in any single cluster) going outside the cluster
whose renormalization factors depend on the spinons and also the other slave clusters.
Using the cluster approximation, the lattice slave-bond HamiltoRianf Eq. (3.13)
is mapped into a set of clusters, each with its own Hamiltottan The density matrix
of the interacting slave-bond lattice problem is then described by the density matrices of
the clusters from Eq. (3.15). The cluster Hamiltoni#hsin Eq. (3.23) are, in general,
not particle conserving due to the intercluster hopping terms that involve single raising
and lowering® operators. In addition, the mean number of particles on any site or over
any cluster is, in general, not an integer fop@type model due tal-p hybridization.
Hence, the cluster density matrix will describe a mixed state, automatically involving
nearly degenerate low-energy states. In practice, we describe these mixed states using
a Boltzmann distribution for each cluster using a very small temperature. In this work,
we use exact diagonalization to solve each interacting cluster problem and then use the
eigenstates to compute the Boltzmann distribution: this is not prohibitively dif cult for the
small three-site clusters we consider here. For larger clusters or more complex systems,
more ef cient methods of nding the Boltzmann distributed density matrix not involving

naive diagonalization can be explored in the future.
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Figure 3.3: (a) Total energy and (b) (mean) double occupancy of each site for the half-
lled Hubbard dimer as a function of the interaction strendgitt, where the nearest-
neighbor hopping strengths the energy unit. Cluster slave-particle (SP) results are iden-
tical to the exact diagonalization (ED) results marked by blue circles, while single-site SP
results are represented by red squares.

3.5 Tests on the Hubbard Dimer

We begin with a simple system where the analytical solution of the electron problem as
well as the single- and cluster-slave problems is possible. We consider the half- lled two-
site Hubbard model (Hubbard dimer), whose Hamiltonian is

X X2

H=t @6 +e)+U NN (3.24)
i=1

For such a small system, a single two-site slave cluster encompasses the whole system,
So it is not surprising that the cluster-based method will provide excellent results. In fact,

as detailed in Appendix 3.8.2, exact diagonalization of the original electron Hamiltonian
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and solution of our cluster slave-particle method result in the same ground-state energy

E= U P U2+ 16t2 =2 as well as the same double occupancy

L U ~
Di hN-N4i= 1 e =4 (3.25)

This double occupancy is always positive for any real-valdeahdt, direct evidence of
the absence of a Mott transition in this system (also true of the one-dimensional half- lled
one-band Hubbard model [78]). Figure 3.3 shows the eaamhdD; in blue circles.

However, analytical solution (see Appendix 3.8.2) of the associated single-site slave-
particle problem results iE = (U  8t)?=32 for U=t < 8andE = 0 whenU=t 8
and double occupand; = (8t U)=32t whenU=t < 8andD; = 0 whenU=t 8. Both
energy and double occupancy indicate a Mott transitidt=t= 8 within this (erroneous)
single-site approximation. Figure 3.3 shows the total en&ggnd double occupancy
D; of the single-site SP method in red squares. This (false) Mott transitiblrat 8
disagrees with the exact solution but is also inevitable within a single-site approach: a
single site connected to a bath described by a single expectaigncannot know if
the bath is meant to describe a zero- or high-dimensional material problem; since a Mott
transition can happen in higher-dimensional systems and is achievable in the single-site
theoretical description whelDis = 0, it occurs for some suf ciently largé&=t in the

single-site picture.

3.6 Tests on d-p Models

Moving beyond the analytically solvable Hubbard dimer, we numerically test our theory
on larger and more realistic models. In terms of modeling transition metal oxides, basic
chemical considerations show that a minimal model should include both dhatals of

the transition-metal atoms and therbitals of the oxygen atoms (a-p” model). For ex-
ample, the single-orbital-per-sitep model, also known as the Emery model [113-115],

is intensively studied as a potential framework of the higlcopper-based superconduc-

tors. Due to the complexity caused by the explicit inclusion offtilséates, thel-p model
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is numerically more challenging to solve but is also more realistic [116-118] than further
simpli ed models such as the one-band Hubbard model [119] ort4hemodel [120].
Hence, our numerical tests in this section will focus ondiemodel, while complemen-
tary one-band Hubbard model tests can be found in Appendix 3.8.5.

For the systems studied below, the hopping renormalization factors and occupancies
are determined self-consistently in a numerical fashion. In Appendix 3.8.7, we describe
the work ow of the self-consistent calculations involved in our numerical studies. As we
will see below, our slave-bond method produces very accurate results compared to high-
quality benchmark results in both 1D and 8Ep systems.

We begin our tests with 10-p systems which have the lattice illustrated in Fig. 3.4(a).

In all the following results, the nearest-neighlabp hopping strength is set to bet as
illustrated in Fig. 3.4(a), whereis real positive and treated as the energy unit; all other
hoppings are set to zero. The onsite energyl sftes is set to bey = +2 t, while the

onsite energy op sites is , = 0. There is only one orbital for each site. In addition, a
small temperature dg T =5 10 3t is introduced to allow the Boltzmann distribution

to create a mixed state from multiple eigenfunctions of the Hamiltonian which is neces-
sary as discussed in Sec. 3.4. The nite temperature does create errors in the calculation
of ground-state properties, but as shown in Appendix 3.8.6, these errors are controllable
by reducing the temperature. Other convergence thresholds are set low enough to give
accurate results: e.g., medssite occupancies are converged so that they differ between
physically identical sites by less thahO °.

We employ two types of benchmarks. For small systems, we use exact diagonalization
(ED) of the starting electron Hamiltonian with a Boltzmann distribution at the dgjiie
listed above. For larger problems, ED is infeasible, so we turn to DMRG. All DMRG cal-
culations in this work use the ITENSOR software package (Julia version) [75, 76], where
the energy cutoff is set to g 8t; the maximum bond dimension increases by system size
up to 1,600 for a 96-site system, and the maximum number of sweeps is 1,600. For the
single-site slave particle results, we use the Boson Subsidiary-Solver (BoSS) software [30]

with orbital- and spin-resolved slave particles using the same nite temperature.
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Figure 3.4: (a) lllustration of the one-dimensiodgb chain with periodic boundary con-
ditions, where red atoms represehsites while blue atoms represgnsites. The black
dashed ellipses are the clusters used in the slave-bond calculation. Upper panel of (b), pan-
els (c) and (d) show the total energy per unit cell in units, dfsite occupancy, andtsite

double occupancy versus the interaction stretgtihespectively, for a four-site unit-cell

linear chain with periodic boundary conditions. The results of exact diagonalization (ED),
single-site slave-particle (SP), and cluster SP are marked by blue circles, black diamonds,
and red squares, respectively. The lower panel of (b) shows the total energy error of the
cluster SP method in units of
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3.6.1 Four-Site 1D Model

We begin with a small four-site model (i.e.dgp-d-p chain) with periodic boundary con-
ditions (PBC). The upper panel of Fig. 3.4(b) shows the total energy versus interaction
strengthU. Both slave-particle (SP) methods reproduce exact total enelgy=a0 and

U!1 by construction. However, while the single-site method shows qualitatively cor-
rect behavior versud, the cluster method shows quantitative accuracy. The same is true
for the meard-site occupancyy = Hly + Ngsi in Fig. 3.4(c). The double-occupancy

D = hX¢ N4 in Fig. 3.4(d) is computed in the slave-particle sector of the problem which
has no reason to match the exact answeér at0, and the two SP calculations will match

the exact answeronly &t ! 1 . However, the cluster SP method remains very accurate
for all values ofU.

We note that for both energy amisite occupancy, both cluster SP results agree with
ED for both small and largé) which is as expected. In the non-interacting limit, the
c-gauges enforce the spinon Hamiltonian alone to reproduce the non-interacting electron
Hamiltonian: Withh(Syh iO h il = 1 and zero interaction terms, the total energy of
Eqg. (3.21) is the non-interacting energy. In the latg@r atomic limit, thep sites are
lled while the d sites are half- lled in both SP or ED calculations. Thus, the cluster SP
reproduces the exact energy and occupation numbers in both limits. The single-site SP
method has the same properties in both limits but has larger errors atJnite

The lower panel of Fig. 3.4(b) shows the error of the total energy of the cluster SP
as a function of interaction strengtbl£t) calculated by subtracting the ED energy from
the cluster SP energy. To further reduce the nite temperature effect, the temperature is
decreased tég T =1 10 “t in this particular calculation. Among all the 81 different
interaction strengthb/=t sampled from O to 8, the maximum energy error in cluster SP
is 3.5 10 3t at U=t = 1:2, while such error is about 50 times larger in the single-site
SP method. The maximum errors for occupancy and double occupancy in cluster SP are
1.1 10 3and 1.6 10 3, respectively.
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3.6.2 System-Size Dependence in 1D

Beyond the four-sit@l-p system where exact diagonalization is possible, we have tested
longer 1D chains with 8, 16, 32, 64, 96, and 128 sitedd=tt= 0 and 8. Here we assume
translational symmetry with the four-site unit cell which is then replicated: the objective
is to gauge convergence versus system size. Benchmark results on the different-sized
systems are generated by either exact diagonalization=a0 or DMRG [39] with open
boundary condition (OBC) at nit&J. We note that PBC is replaced by OBC in the DMRG
calculations because PBC is computationally much more expensive than OBC according
to the area law [121]. Correspondingly, we calculate and report the total energy per four-
site unit cell in Fig. 3.5(a) for OBC DMRG calculations to compare it with cluster SP and
exact diagonalization results. Tlesite occupancy and double occupancy in Figs. 3.5(b)
and 3.5(c) are computed around the middle point of the chain for DMRG so as to be the
farthest away from the open boundaries. For the cluster SP calculations with PBC, we can
use the translational symmetry to work with the four-site unit cell together kviloint
sampling of the spinon problem: larger systems correspond to derssenpling of the
non-interacting spinon problem. This makes for a very cheap computational scaling versus
system size.

The system-size dependencies are shown in Fig. 3.5, where the total energy is quoted
per four-site unit cell. Unsurprisingly, the cluster SP method is equivalent to exact diag-
onalization atJ = 0 as discussed at the end of Sec. 3.3. We also notice that both cluster
SP and DMRG converge faster versus system sitb=at= 8 case than dt)=t= 0. This
comes from the intensively studied “band narrowing” effect [32, ,122] due to Unite
which makes the quasiparticle bands less dispersive and allows spaa@pling for the
same accuracy. In addition, cluster SP is well converged for most of the observables when
the system size is larger than 16 sites, while DMRG needs more than one hundred sites for
the same level of convergence. The slower convergence of DMRG is due to edge effects
induced by the open boundary condition needed to reduce bond dimension [75, 76].

From a computational vantage point, to converge the total energ)9 ta, each data

point takes less than 1 CPU minute on a laptop for the slave SP calculations regardless of
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Figure 3.5: Convergence of observables versus system size for the 1D halfi-jed
Hubbard chain: system sizes used are 8, 16, 32, 64, 96, and 128 sites. (a)-(c) The total
energy of each four-site unit cell in units gfthed-site occupancy, and treesite double
occupancy versus the number of sites, respectively. For each panel, the interaction strength
used idJ = 0 for the upper sub-panel andl= 8t for the lower one. The results of DMRG

with OBC, cluster SP with PBC, and ED with PBC are marked by blue circles, red squares,
and green diamonds, respectively.
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system size. On the other hand, for the OBC DMRG, we require about 6 CPU hours for a
64-site calculation and takes longer than one day for a 128-site calculation on a standard,
contemporary Linux cluster.

We further examine the 64-site system as a functiotlsfin Fig. 3.6. The cluster
SP results marked by red squares assume a translational period of four sites and match
well with the DMRG results marked by blue circles. As a comparison, the single-site SP
method assuming the same translational period is marked by black diamonds, which shows
much larger errors in all three observables. Moreover, an additional cluster SP calculation
assuming a translation period of 8 sites is performed, whose results are marked by green
crosses. This calculation with a double-sized unit cell behaves almost exactly the same as
the four-site unit cell calculation, which indicates the convergence of unit-cell size in our

cluster SP results.

3.6.3 Doped 1D Chains

We perform further tests on the 64-site fiEp system by hole doping, where the average
doping density ranges from O up to 0.5 holes for edghpair. The local interaction
strength ord sites is xed to beJ = 2t, while other parameters such as the onsite energies,
hopping strengths, and the temperature are unchanged from the no-doping calculations of
the previous sections. We choddet = 2 because the errors caused by the cluster SP
method are relatively large around this choice, as shown in the lower panel of Fig. 3.4(b),
providing a stringent test of the cluster SP.

Our results of the doped systems are summarized in Fig. 3.7, where the two curves
are results from cluster SP and DMRG. In Figs. 3.7(a) and 3.7(b), the two curves are
almost overlapping with each other, indicating that the cluster SP method reproduces the
energy per unit cell and theé site occupancy of the ground state extremely precisely. In
Fig. 3.7(c), the cluster SP reproduces gabsite double occupandy with some small
variations. While both DMRG and cluster SP methods show a nice linear relation between
the total energy and doping level in Fig. 3.7(a), they both show small discrepancies away

from linear relations in Figs. 3.7(b) and 3.7(c). This is because both DMRG and the
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Figure 3.6: (a)-(c) The total energy of each four-site unit cell in units dfsite occu-

pancy, andd-site double occupancy versus the interaction strekfjthespectively. All

results come from 64-site 1@p system, blue circles represent DMRG results with OBC;
black diamonds represent single-site SP results assuming a translational period of four
sites; red squares and green crosses almost completely overlap with each other and repre-
sent cluster SP assuming a translational period of four sites and eight sites.

43



Figure 3.7: (a)-(c) The total energy of each four-site unit cell (units),ofi-site occu-

pancy, andd-site double occupancy, respectively. They are plotted as functions of the
average hole doping level on eadfp pair. Blue circles represent the DMRG results as
benchmarks, while the red squares stand for the cluster SP results assuming a translational
period of four sites.
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cluster SP methods are variational approaches for the ground state total energy, so a high
level of energy convergence is guaranteed, but the convergence of other non-variational
observables such as the site occupancy or double occupancy is much poorer. Note that
the double-occupancy deviations are below 0.01, which is adequately small and about the
same order of magnitude as other errors caused by the cluster approximation and nite-
temperature effect and is almost invisible in Fig. 3.6(c). It is one order of magnitude
smaller than the error caused by single-site SP approximation.

In short, based on all these tests, our cluster SP method reproduces overall very accu-
rate results hundreds of times faster than DMRG for the one-dimensdgmahodel. It

also represents a signi cant quantitative improvement over the single-site SP method.

3.6.4 2D d-p Systems

The generalization to two-dimensional systems is straightforward in our cluster slave-
particle theory. We choose a checkerboard lattice where the lattice structure and the clus-
ters used in the calculations are illustrated in Fig. 3.1. The red and blue circles represent
andp sites, where each site contains only one orbital. This is a frequently studied model
for cuprates known as the “three-band model” [116, ].

Figure 3.8(a) illustrates a primitive cell used in the calculation which is a parallelogram
and contains twal sites and foup sites. This is because we are permitting faeelN
checkerboard anti-ferromagnetic (AFM) correlation (if we assumed a stripe pattern, the
unit cells would be chosen differently). Similar to the 1D calculations discussed above,
the nearest-neighbor hopping strengihtreated as the energy unit. All the onsite energies
of d sites are set to bg = +2 t, while the onsite energies @fsites are, = 0, and the
small temperature applied i T =5 10 3. Only nearest-neighbad-p hopping is
included.

Figures 3.8(b)-3.8(d) show our results for a small system with only one primitive cell,
where ED is feasible. As before, the cluster SP results match well with the ED ones for all
three observables studied in this work, while the single-site SP method causes much larger

errors. We note that while a larger system is very straightforward to treat with cluster SP
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Figure 3.8: (a) lllustration of the purposed spin structure in a checkerboard lattice, where
the nearly half- lled d sites marked by red circles are spin-polarized, while the nearly
full- lled p sites marked by blue circles are not spin-polarized. The orange dashed paral-
lelogram represents the primitive cell under theeNAFM correlation. (b)-(d) The total
energy for each primitive cellj-site occupancy, and-site double occupancy versus the
interaction strength), respectively. The results of ED, single-site SP, and cluster SP meth-
ods are marked by blue circles, black diamonds, and red squares, respectively.
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simply by using translational symmetry akepoint sampling, it is much more dif cult to
nd a good exact benchmark for a large 2D system, especially for the three-band model.

Such a comparison will be a topic of future work.

3.7 Conclusion

We have introduced a novel non-local slave-particle representation de ned on bonds,
which improves the slave-particle decomposition by enforcing particle-conserved hop-
pings on each bond, in addition to the site-centered spinon-slave humber matching con-
straints from previous slave-particle methods. We have further developed a cluster approx-
imation for the interacting slave-particle problem based on the expansion and matching of
density matrices which maps the slave-particle problem to a set of small overlapping clus-
ters that can be solved self-consistently.

As a signi cant improvement to the previous single-site slave-particle theory, our the-
ory correctly predicts the absence of Mott transition in the 1D half- lled Hubbard model
(single-site slave-particle methods predict a false Mott transition). The method also shows
remarkably high accuracy for a wide range of interaction strengths, unit-cell sizes, dop-
ing levels, and in both one and two dimensions when compared to exact or high-accuracy
benchmark methods. Computationally, the method is very ef cient and requires only a
few minutes of CPU time on a serial laptop to nd the ground state of the coupled spinon
and slave problems. Future work will benchmark this method more extensively in 2D as
well as on more complex multi-orbital real material systems.

We thank Alexandru Georgescu for the helpful discussions. Work supported by NSF
DMR 2237469, and NSF XSEDE supercomputing resources TG-MCA08X007.
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3.8 Appendices

3.8.1 Mapping and Commutation Relations

Electrons obey the anti-commutation relations

n (0}
;& = o (3.26)

The spinonsf{ ) obey the same commutation relations as well, as they are fermions. The
slave-particle lowering operatd is then de ned to obey the mapping from the original
electron Hilbert space to the number-matching states in the enlarged spinon+slave Hilbert
space. The mappings in Egs. (3.4) and (3.7) and (3.4) are made to match all matrix ele-

ments. That is, for each bord i, we require
mYe jni = M %= n®N°=n3f" &, ijnf = n;N = ni: (3.27)
Also, the operatof® @ , ; should still obey anti-commutation relations like Eq. (3.26):

n 0
me: nO;NOZ n(j f/\é h i;f/\yooyohooi
(3.28)
inf=nmN=ni= o

In the following, we are going to prove that the most general forrdaf ; shown in
Eq. (3.5) always obeys the two requirements in Egs. (3.27) and (3.28).
For the right side of Eq. (3.27), the matrix element can be rewritten as the product of
two matrix elements from spinon and slave, separately.
M= n®N°=n3f* & , jn" = n;N = ni

(3.29)
= m' %= n3f" jn" = ni hN°=n%d , jN = ni

Now we consider all the cases. Whan = 0, bothf' andé kil (zero) the matrix
element on both sides of Eq. (3.27). When= 1, since® ,, {jN =1i = jN =0i,

48



the only non-zero spinon and slave matrix elements come fi'dm 0 andn® = n for

other modes 6 . We end up withm'® = nSf* jn’ = ni for the right side of Eq.
(3.27). Realizing thaf andé act identically as same fermionic annihilation operator on
identical Hilbert spaces, their matrix elements are the same, so Eq. (3.27) always holds.

For Eq. (3.28), using the anti-commutation relations of the spinons, we get

n 0
fl\éh i;fl\yooyohooi )
h [ (3.30)
:oyohooiéh i O"'f/\f/\yo éh i;éyohooi
The two terms on the right side of Eq. (3.30) are discussed case by case.
When = © using Eq. (3.5) we have
0 1
. .0
éyh Oié h i — @C h OIC " A (331)
0 1
and 0 1
h [ 1 0
On 10, 4 = 1 cy oCh | @O 1A: (3.32)

We substitute this into the matrix element on the left side of Eq. (3.28), and we discuss
how the anticommutator acts on the physical ket gtalte= n;N = ni. If n =0 in the
physical state, then the actiéhf” is the identity operation on this state. The two terms

in Eq. (3.30) add t® , ;&, 4 which acts as identity on for this ket statenlf = 1 in

the physical state, the second term of Eq. (3.30) is zero due to the zeroing adfidf of

and the remainin@yh Oié h i acts as identity on this state. Thus, Eq. (3.28) holds for

- 0

When 6 © the rstterm in Eq. (3.30) is zero. For the second term, with basis
orderedagfN =0;N o=0i,jN =0;N o=1i,JN =1;N o=0i,JN =1;N o=
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lig, we have

0 1
0 0 0 Copog
o 0 i =
' 0 1 0 0 (3.33)
cnh i O 0 0
:éh iéyohooi:

Thus the commutator vanishes, Eq. (3.30) is zero in this case, and Eq. (3.28) holds for
6 Otoo.
Based on the above, the commutation relations of the slave-bond operators are
_ 0 1
h | 1 0
éh i;éyohooi = o 1 Ch 6Cp @0 1A . (334)

This commutation relation means that the “lowering” operarare similar to but are
not the same as bosonic eld lowering operators. They are simply de ned to obey the
mappings of Eqg. (3.27) and the anticommutation relations of Eqg. (3.28). Hence, we call

them slave-particle (as opposed to slave-boson) operators.

3.8.2 Two-Site Hubbard Model

In this appendix, we derive analytical results for the two-site half- lled Hubbard model
using three different methods: exact diagonalization of the original fermion Hamiltonian,

the single-site slave-particle method, and our cluster slave-bond method.

Exact Diagonalization

The ground state of the half- lled two-site Hubbard model will be a linear combination

of the doubly occupied states and the singlet state, so the basis of the subgp&te is
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O JO; " (" # J# M ):IO 2, where the Hamiltonian is represented in this basis as

0 1
U 0 P 2t
B = 0 U P ZE : (3.35)
P 2t P 2t 0

The ground state of this Hamiltonian is

jGi = AT[4t(j "#;0i + jO;"#i)
D [ (3.36)
+ U+ U2+16t2 (";# j# ;") ;

where A is the normalization factor. The corresponding ground-state energy #s

U P U2 +16t2 =2 and the double occupancy on each site is

U
Di hA«fxi= 1 - =4: 3.37
i i Nigl pm ( )

Hence the energy is 2t in the non-interacting limit, and becomesit?=U in the large
interaction limit. The double occupancy@25and 2t2=U? in the same two limits. So
there is not a Mott transition for any nit®) based on these exact results. The analyt-
ical results of ground-state energy and double occupancy derived above match with the

numerical results in Fig. 3.3.

Single-Site Slave-Particle

In the single-site slave-particle method, the total energy is de ned as

X X
E= t HY f5 ih®Y ihG, i+ cc. + U h K (3.38)
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To minimize the total energy, the corresponding spinon and the rst-site slave-particle

Hamiltonian is

X X
Hi t hd ihd, ify f5 + He. +  hO N

X
Ha= t WY fih0, i8] + He. (3.39)

X
+ UIQl"Ktl#"' h; I<T1 ;

whereh are Lagrange multipliers, while® combine the Lagrange multipliers and the
symmetry-breaking elds to be determined variationally. (The second slave-site Hamil-
tonianH; is identical to the rst site one other than relabeling.) According to the spin
symmetry and inversion symmetry in this system, we concludenfhahould be the same

for all sites and spins, and the same statement also holds foBased on this symmetry
analysis, the spinon Hamiltonian is solved easily by diagonali2ing matrices for each
spin channel. As a result, the occupancyris i = 1=2 for every site and spin, and the
spinon density matrix element of interesti§ 5 i = 1=2,

Next, in the basig0i;j "i ;] #i;] "#i , we have

n.=R8 7 : (3.40)
0 y vy 2h+U

where we seh; = h based on the symmetry discussed above yandd:5t(1 + ¢)hO, i,

in whichcis the reak-gauge number determined to mdk& i = 1 in the non-interacting
limit.

WhenU = 0, the ground state of the slave-particle Hamiltonian is
JGol = (JOi + j"i + j#i+)"#i)=2:
In order to have the spinon hopping renormalization fab@ri = 1 with this state, the
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c-gauge numberis=1, and thusy = thO; i.
For a nite interactionU=t > 0, to obey the particle number matching constraint in

Eqg. (3.9), we ndthath = U=2. So the ground state with nite interaction is

jGIi =(jOi + aj"i +aj#i + | "#i)=p 2(1+ a?):

wherea P (8t+ U)=8t U)whenU < 8t, whilea!1 whenU 8t. Finally,
using the single-site slave-particle method, wher 8t, the ground-state energylis =
(U 8t)2=32t, and the double occupancyls = (8t U)=32, while whenU  8t,
both ground-state energy and double occupancy are zero, which match with the numerical
results in Fig. 3.3. This result clearly indicates a false Mott transitidkhat8t in contrast

to the exact diagonalization method.

Cluster Slave-Particle Method

In the cluster slave-particle method, the total energy is de ned as

X X
E= t HY 5 ihd) O, i+cc. +U  hXGNii; (3.41)
i
where we hide the bond index f@F operators because there is only one bond, and the
gauge for spin up and spin down are the same by symmetry in this system. To minimize
the total energy, using a two-site cluster, the corresponding spinon and the cluster slave-

particle Hamiltonian are

X X
|_/|\f t }'O)]{ 62 If/}_/f/\z + H.c. + hlo lﬁi ;

X
He= t Y 7,10 O, + H.c.

(3.42)

2 U hK
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Similarly, h are Lagrange multipliers, while’ combine the Lagrange multipliers and the
symmetry-breaking elds to be determined variationally. The spin symmetry and inversion
symmetry also hold here, and the spinon Hamiltonian can be solved easily as before: we
nd ;i =1=2andh} f; i =1=2.

The non-interacting slave Hamiltonian can be separated by spin channels, where the

spin Hamiltonian is represented in the basis orderead;j; Oi;jO; i;j; |

0 1
0 0 0 O
0 h 0

He = Y ; (3.43)
O y h O
0 0 0 &

wherey = 0:5t(1 C?), andC stands for the gauge to be determined and is assumed to
be real. We nd that, in order to have the non-interacting spinon hopping renormalization
factorf‘é)l’ &, i = 1 and the particle number match with the spinon result,ctgauge
number must b€ = P 3.
With a nite interaction U, matching particle numbers give the nal slave-particle
ground state
jGi = A[ 4t(j"#;00 + jO,"#i)

D [ (3.44)
+ U+ U2+16t2 (j";#i+j#") ;

whereA is the normalization factor. The corresponding renormalization factﬁ){is@z I =

4t:IO U2 + 16t2. In other words, the inter-site hopping (and thus renormalization factors)
of the slave-bond is always non-zero in this system which indicates an absence of a Mott
transition. Finally, observables can be calculated using the slave-particles ground-state ex-
pression (3.44). The ground-state energy given by Eq. (3.4LFs U P Uz +16t2 =2,

The double occupancy on each site is

U
D hN.N.i= 1 - =4 3.45
ATl P 349
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where the double occupancy is always non-zero for arbitteryy Finally, note that the
expressions of ground-state energy and double occupancy are exactly the same as the exact

diagonalization results derived above in Appendix 3.8.2.

3.8.3 Formalism for c-gauge

In this appendix, we derive the analytical formulas of Egs. (3.46) and (3.47) forghage
numbers. As we introduced in Sec. 3.3, ttgauges are chosen (i) to forbid all unphysical
intracluster hoppings in slave problem that change particle numbers, and (ii) to ensure that

the spinon problem recovers the original fermion problem in the non-interacting limit.

Intracluster Hoppings

By de nition, both sites of an intracluster hopping can be found in one same cluster. Note
that even though the nearest-neighbor hopping such adtpehopping in Fig. 3.9 can
appear as an outward hopping with respect to the cljidipid,], it is still treated as a
short-ranged intracluster hopping, whasgauge is computed in clustéi,p,ds]. For
intracluster hoppings, the rst constraint (i) requireg ; + ¢, ; = 0, and the second

(ii) requiresh®’, O ;i =1 in the non-interacting calculation. For each bdndii,

there are twa-gauge variables to be determined, obeying the above two equations. By

solving the two equations, we nd

1

L T

(3.46)

and”° s a non-interacting bond density matrix, where the 0 and 1 in the bras and kets
are the occupation numbers on the slave modasd , respectively. The superscript O
represents the operators in non-interacting slave-particle calculations. The bond density

matrix is de ned by tracing out other degrees of freedom in the cluster density matrix

MTr g (M)
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Figure 3.9: An illustration of the one-dimensiortap chain, where red atoms represent
d sites while blue atoms represgnsites, and each atom is labeled by white letters. The
black dashed ellipses are the clusters used in the cluster slave-bond calculation.

Intercluster Hoppings

Aside from the intracluster hoppings, the other hoppings are long-ranged intercluster
hoppings, such as the-p, hopping in Fig. 3.9. Based on the density matrix expan-
sion in Eq. (3.15), an intercluster hoppifg i in our slave-particle approach is de-
coupled ah®’, O, ;i = h®Y, .ihO, ii. The constraints on the borid i are

hd h il o= hd h il o =1 in order to recover the non-interacting Hamiltonian with the
spinons alone ( is the non-interacting slave density matrix). Each of these constraints is

easily solved to get
1

= T 1: (3.47)

Ch

where 0 and 1 are the occupation numbers of the slave mod@ke single-orbital density

matrix is determined as X

N0

Tr acj s ("c); (3.48)
cj 2c

1
M

whereM is the number of clusters overlapping on the slave made

3.8.4 Redundancy of Single-Site Density Matrix Constraints

In this appendix, we describe in detail the constraints ensuring that the single-site density
matrix / at a shared siteamong multiple clusters is described consistently among them.

As explained in the main text, these constraints are imposed by the Lagrange multipliers

NG
i

and associated energy terms in the functtorle ned in Eq. (3.22) that are mini-
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mized. The key result of this appendix is that all these Lagrange muItip’]f&scan be
set to zero.

Firstly, there are some redundant Lagrange multipliers in the above set of constraints.

For a sitei, there areM; Lagrange multiplier matriceé‘i(c) since there aréM; distinct
clusters overlapping on the site The task of the’\i(c) is to make all the site density

matrices equal to each other (and equato "i(C) =N

. This means that we only require
M; 1distinct Lagrange multiplier matrices at siteand we can pick one of the clusters
to be a reference clust€ whose single-site density matrix the other clusters must match.
For example, if a site is not shared by multiple clusters (& = 1), then no Lagrange
multipliers should be added to match the single-site density matrix to itsé¥f; i 2,
then we need only match the density matrix of the second cluster with the rst. We can
safely set the Lagrange multiplier matrix for our reference cluster to ﬁ\é%d, =0.

Secondly, the density matrix matching constraints are obeyed throughout the entire
minimization process. This means that not ohﬂ? = /; at the beginning of the mini-
mization, but also that"i(c) = /A when minimizing the functior along the gradient.

The gradient of along”cis

X
@F_ t H,\/f/\iféyh iéh i

@ec ih i2c H _
t . . :
i 0 L0 He (3.49)
j 2C
ih~ i28c0
X 1 . X X
£ AR DOk dfer D@ 1=m)"O:
ijiac i 2c iji2C

We collect the derivatives versus all clusters into the gradient

. As is standard in the Lagrange multiplier method, we will project out the partfof
that breaks the constraints to determine the value of the Lagrange multipliers. This is

most easily done by considering a step of sizdong the gradiert “c,; "o, g ) =
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A©)
|

r F, so the change”™ ™ is given by

@F
@c '

N9 =Troi( A= Tre (3.50)
where, again]rc ; denotes a trace over the clus@out excluding the degrees of freedom
on sitei. The key enabling observation allowing us to move forwards is that the hopping
operatorg); & are traceless. Hence, the intracluster hopping terms in Eq. (3.49) involve
hoppings between different sites so they have zero traces, the intercluster hopping terms
are zero unless the stateis on the site, and the remaining terms are local single-site
operators. At this stage, we have
0
© X t ~h . i int
AC = %} M—H'\/f’\lfl"éyh ilkiZkOhi+H'C'+l\/Ili
i 2i

jh ~i28co 1 (3.51)

X Y
£ hOR i@ 1=mM)9 + ONA S
i 2i j2Cjj8i

Whereq(C) is a potentially cluster-dependent number coming from traces of local operators
not on sitel, andS; is the dimension of the single-site density ma®jx Tr; ((}) (i.e.,
dimension of the Hilbert space on sjtg A moment's re ection shows that the rst two

terms in Eq. (3.51) are independent of the clu§teand we combine them into an operator

X;. Upon creating new constamt§’ = ¢ + “ and = szcjjgi S;, we have
0 1
X
NO= @R+  hON +@  1=M)"NO+ rONA (3.52)

j 2i

As per Eqg. (3.17), we sum thig\i(c) over all clusterC containing site and divide byM;
to nd an analogous expression fofy

0 1

A= @R+ R +@ 1mM)N + A (359)
i 2i
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where overbars mean averaging over the clusters. Equating Egs. (3.52) and (3.53) yields

MOZE @ 1=y P (RO @ 1mM) o (O (354)
i 2i

The second and third terms above are either redundant or irrelevant: the second term in-
volves shifts of onsite state energies on sitéhich can be absorbed into th&” Lagrange
multipliers that enforce spinon and slave-particle number matching, while the third term
represents a shift of the cluster Hamiltonida by a constant which does not change its
eigenfunctions, shift all eigenenergies by the same amount, and thus does not change the
thermal density matriXc computed from the Boltzmann distribution. Thus, the only re-

maining meaningful term ié\i(c)

" which is cluster independent: since we have a
9 =o0.

reference cluster for WhiChiC' =0, all the”
Hence, we conclude that the mean particle-number-matching constraints between spinon
and slave particles are suf cient for describing overlapping clusters. Additional con-

straints, beyond the automatic mean particle-number matching, are redundant.

3.8.5 Tests on Single-Band Hubbard Models

In this appendix, we show our benchmarking results for 1D and 2D half- lled single-band
Hubbard models, i.e., when there is one correlated orbital at each site. This type of model
is a “d"-only model when describing a transition metal oxide since the oxygen orbitals are
removed from the modeA priori we expect this type of model to be less accurate than the
d-p models studied in the main text for at least two reasons: (i) the removal of degrees of
freedom can be accommodated by renormalizing the remaining parameters of the model
(e.g., nearest neighbor hopping elemignbut this type of process is always approximate,
and (ii) removal of the oxygep orbitals gives rise to effective orbitals (e.g., Wannier
states) on thd sites that are much less localized than the starting orbitals df fraodel,

so that using an on-site only form of the interaction is much less justi ed fodtbaly

case than for thd-p case (i.e., the form of the Hamiltonian is less accurate irdtbely

case with only on-site interactions). However, thenly model is a standard benchmark
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Figure 3.10: (a) lllustration of the one-dimensional Hubbard model with periodic bound-
ary conditions. The black dashed ellipses are the clusters used in the cluster slave-patrticle
calculation. (b), (c) The total energy per two-site unit cell in units,cdnd the double
occupancy versus the interaction strengthrespectively. All results are for a 64-site

1D single-band Hubbard system at half lling: blue circles represent DMRG results with
OBC, while red squares represent cluster SP results assuming a translational period of two
sites (PBC).
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in the eld so comparisons to it are still helpful for connecting to prior literature.

As is standard for one-band Hubbard models [123], the nearest neighbor hopping
strength is set to be t, while all other hoppings are set to zero. The onsite energy of
eachd site is set to zero, and the local on-site interaction strength is &&t bo addition,

a small temperature &g T =5 10 3t is introduced in the cluster slave-particle cal-
culations in an identical manner to that for tthg¢p models in Sec. 3.6. (From a practical
viewpoint, to simulate the-only systems without having to modify odrp software im-
plementation, we choosedap model where there are no hoppings involving pharbitals
which have a very low energy and are lled with electrons and thus are completely inert,
while directd-d hoppings t are introduced for the remaining electrons indraanifold.)

The rstset of testsis on a 1D 64-site single-band Hubbard model with periodic bound-
ary conditions, whose lattice is illustrated in Fig. 3.10(a). The clusters used in the cluster
SP calculation are marked by black dashed ellipses and consist of two neighthsiieg
and neighboring clusters overlap with each other. For cluster SP calculations with PBC,
we assume a translational period of two sites (i.e., a two-site unit cell), while for DMRG
benchmarks, we use OBC as discussed in Sec.3.6.2. Each data point requires only about
10 CPU seconds for the cluster slave-particle calculations but needs about 7 hours for the
DMRG calculations.

Although the two-site SP clusters in these tests are smaller than the three-site SP clus-
ters used ird-p model testing in Sec. 3.6, the two-site clusters are capable of reproducing
high-quality results as shown in Fig. 3.10. Noticing that the double occupancy of both
DMRG and cluster SP are nite regardless of interaction strength, we correctly predict
the absence of a Mott transition in this 1D model in contrast to the false Mott transition
predicted in single-site slave-particle theory and DMFT [33, 98-100].

Next, we examine a two-dimensiondd  64-site one-band Hubbard model at half
lling with PBC whose lattice is illustrated in Fig. 3.11(a). The two-site clusters marked
by black dashed ellipses and the two-siteeNordered unit cell marked by the orange
dashed parallelogram are chosen in the same manner as for thp @iddel of Sec. 3.6.4.

Figures 3.11(b) and 3.11(c) show the total energy and double occupancy results of the
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Figure 3.11: (a) lllustration of the two-dimensional Hubbard model with periodic bound-
ary conditions. The black dashed ellipses are the clusters used in the cluster slave-particle
calculation, and the orange dashed parallelogram represents the two-site primitive cell un-
der the Neel AFM correlation. (b), (c) The total energy per two-site unit cell in units

of t, and the double occupancy versus the interaction strddgtiespectively. The red
squares represent cluster SP results generateddsy &d)-site system at half- lling with

PBC, while the blue circles are auxiliary- eld quantum Monte Carlo (AFQMC) bench-
marks [124] in the thermodynamic limit.
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cluster SP method. As a comparison, we also show thermodynamic limit results from
auxiliary- eld quantum Monte Carlo (AFQMC) calculations [124]. Using SP clusters
containing only two sites, the cluster SP method shows remarkable quantitative accuracy
with a modest computational cost of only about two serial CPU minutes for each data

point.

3.8.6 Finite-Temperature Error

Generally, the partial trace of a pure state will be a mixed state. Thus, even if our current
cluster SP method only aims to predict the ground-state (pure-state) properties of the entire
(lattice) system, in practice we use a nite temperature in all the slave-particle cluster
calculations. This is because the mixed state introduced by the Boltzmann distribution can
better capture the cluster's statistical properties.

The use of a small but nite-temperature Boltzmann distribution is a straightforward
way to generate a mixed state made from a number of low-energy eigenstates of the cluster
Hamiltonian, but the nite temperature itself introduces errors due to the inclusion of
higher-energy excited states. Here we show that the errors are quite small in magnitude
and easily controllable.

Numerically, the error in the total energy per unit cell has the same order of magni-
tude as the temperature itself as shown in Fig. 3.12(a). For example, compared to the
benchmarkl = 0 DMRG results in Fig. 3.6, the largest error causedkhy = 0:32
is 0:28t, while the largest error caused kg T = 0:16t is 0:1Q. For this system, the
nite temperature error in energy gets almost negligible wkeii is below0:04t. Sim-
ilarly, the d-site occupancy and double occupancy are quite accuriteTat 0:04t, as
shown in Figs. 3.12(b) and 3.12(c). All results in the main text are based on an even lower
temperature okg T = 0:00%, so it is safe to ignore the nite-temperature effect in our
results.

From a practical viewpoint, starting from an arbitrary initial setup, a high-temperature
calculation typically converges much faster than a low-temperature calculation. Hence,

for any given system and set of parameters, we begin with a high-temperature calculation
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Figure 3.12: (a) Total energy per unit cell (unitstpf (b) d-site occupancy, and (d}

site double occupancy versus the interaction strebgttespectively, for a 64-site 1B-p
system with cluster SP method and assuming translational unit cell of four sites. Dif-
ferent curves show results with different temperatures marked by the legend, where the

temperaturekg T are in units oft.
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and use its self-consistent converged solution as the starting point for a lower-temperature
calculation (and repeat the process for ever lower temperatures), a process that leads to

signi cant computational ef ciency.

3.8.7 Work ow

In this section, we describe the work ow of a typical slave-particle calculation in Fig. 3.13.

It contains the following steps:

1. Initialize all parameters, including all the Lagrange multipliers-gauge numbers,
hopping renormalization factor®’, O, ;i andh® , ;i. When starting from
scratch, reasonabé&epriori choices are zero fdr, and unity forc and the renormal-

ization factors.

2. For the rst iteration, guess some symmetry-breaking eld, typically small random
numbers much smaller in magnitude thaw U. For the following iterations, choose
the symmetry-breaking eld variationally by gradient descent of the total energy.
The updating of the symmetry-breaking elds is the major outer loop of energy

minimization.

3. Solve the spinon Hamiltonian in Eg. (3.23), then compute the hopping renormal-
ization factorsif¥f" i for use in the slave problem in the next step and the spinon

occupation numbeinsh i.

4. Solve the non-interacting slave Hamiltonian in Eq. (3.23), and searalkdauge
number to obey the corresponding constraints. This is most easily done via Newton's

method.

5. Solve the interacting slave Hamiltonian and search for the Lagrange multipliers
under the corresponding constraints. Note that tiegadll be generally different
from the non-interactindp in the previous step, although the non-interacting ones

provide a good initial guess when starting from scratch.
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Figure 3.13: The work ow of a typical calculation based on the slave-particle approach.
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6. If the renormalization factotd’, O, ;i andn® y, ;i differ from the prior step
by more than a small convergence tolerance, go back to step 3 while using the up-

dated renormalization factors, and repeat the calculation until tolerance is achieved.

7. If the total energy is not converged with respect to the symmetry-breaking eld (i.e.,
the successive change of energy is too large between updates of symmetry-breaking
elds), then return to step 2 and update the symmetry-breaking eld to minimize the

total energy.

We note that methods such as Newton's method or gradient descent require derivatives,
and since they are computed numerically by nite differences (absent analytical expres-
sions for derivatives at present time), in practice we encapsulate inner loops (e.g., the
non-interacting slave solver) as routines that are called repeatedly to compute numerical
nite-difference derivatives.

Based on the work ow chart above, we can estimate the computational cost needed to
complete the full calculation. First, the single-particle spinon Hamiltonian is practically
very simple and a variety of methods can be unleashed to nd its ground state (direct diag-
onalization is simplest but cubic in system size while linear-scaling methods are available
if needed in the very large system limit [125]). For the more complex cluster slave-particle
problem, the computational cost/isScNc N, whereSc is the computational cost of the
exact diagonalization of one clusté&l¢ is the number of clusters in one unit cell, add
is the total number of cluster solutions needed (a loop coust).is the product of the
number of Lagrange multipliefrs, the number of self-consistent steps needed to converge
the renormalization factors, and the number of gradient descent steps needed to converge
the symmetry-breaking elds. BothN¢ and the number of Lagrange multipliehsare
linear in the volume of the unit cell while the other two loops count represent intensive
guantities (e.g., energy per atom) and are expected to be (relatively) constant with unit-
cell size. Hence, the overall slave part of the calculation will scale quadratically with

unit-cell volume for the current approach.
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Chapter 4

Structural Distortions in Cuprates and
their Impact on Electronic Structure

This chapter is adapted from an article entitled “First principles prediction of structural
distortions in the cuprates and their impact on electronic structure” by Zheting Jin and

Sohrab Ismail-Beigi that was published in Physical Reviei)X041053 (2024) [link].

Materials-realistic microscopic theoretical descriptions of copper-based superconduc-
tors are challenging due to their complex crystal structures combined with strong electron
interactions. Here, we demonstrate how density functional theory can accurately describe
key structural, electronic, and magnetic properties of the normal state of the prototypi-
cal cuprate BiSr,CaCuyOs. « (Bi-2212). We emphasize the importance of accounting for
energy-lowering structural distortions, which then allows us to: (a) accurately describe
the insulating antiferromagnetic (AFM) ground state of the undoped parent compound (in
contrast to the metallic state predicted by previabnitio studies); (b) identify numerous
low-energy competing spin and charge stripe orders in the hole-overdoped material nearly
degenerate in energy with the AFM ordered state, indicating strong spin uctuations; (c)
predict the lowest-energy hole-doped crystal structure including its long-range structural
distortions and oxygen dopant positions that match high-resolution scanning transmission
electron microscopy (STEM) measurements; and (d) describe electronic bands near the
Fermi energy with at antinodal dispersions and Fermi surfaces that in agreement with

angle-resolved photoemission spectroscopy (ARPES) measurements and provide a clear
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explanation for the structural origins of the so-called “shadow bands”. We also show how
one must go beyond band theory and include fully dynamic spin uctuations via a many-
body approach when aiming to make quantitative predictions to measure the ARPES spec-
tra in the overdoped material. Finally, regarding spatial inhomogeneity, we show that the
local structure at the CuQayer, rather than dopant electrostatic effects, modulates the
local charge-transfer gaps, local correlation strengths, and by extension the local super-

conducting gaps.

4.1 Introduction

The cuprate superconductors continue to be a fascinating and actively researched class
of materials. In addition to their superconducting phases, their normal state has attracted

broad research interest due to a wide range of unusual properties. Understanding the phys-

ical origin of the AFM insulating phase [126,127], the pseudogap [9—12], the at antinodal
dispersion [128-131], the strange metallicity [13—17], and the presence of quantum critical
uctuations [18—21] in the normal state can provide important insights into the underlying

mechanisms that can give rise to the superconductivity. Despite plenty of proposed pos-
sible mechanisms, including competing orders [26—28] and preformed pairs [22-25], the
physical origin of this complicated normal state is still unclear.

A comprehensive description of the normal state is challenging due to the strong elec-
tronic interactions combined with the structural complexity of typical doped cuprates.
While the effect of strong electronic interactions has been extensively studied using accu-
rate many-body methods such as density matrix renormalization group (DMRG) [39, 40]
or quantum Monte Carlo (QMC) [132, ], these studies are often based on idealized ef-
fective model Hamiltonian, where the hopping strengths are averaged and symmetrized for
simplicity [116, : ]. However, realistic structural distortions in cuprates can result
in signi cant changes to the materials such as additional symmetry breaking [135, ].
In particular, the structural distortion in cuprates can greatly modify the superconducting

gap [137, ] and local pairing interactions [139-146]. These properties are missing in
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the symmetrized effective Hamiltonians. The inclusions of complex lattice distortions of
the native material or as introduced by dopants and impurities necessitate a realistic and
detailed understanding of the materials from rst principles.

Density functional theory [29, 30] (DFT) offers a potent foundational method for in-
vestigating the ground-state properties of materials from rst principles. For cuprates,
DFT has played a pivotal role in constructing effective model Hamiltonians [147-159].
These works studied the high-symmetry cuprate crystal structure using DFT and extracted
the low-energy effective model for further quantum many-body studies. However, to en-
sure the accuracy and realism of these models, it is essential that the DFT calculations
capture correctly both the structural properties and the predominant electronic properties
of the ground state. Recent DFT studies on transition metal oxides have highlighted the
signi cance of allowing energy-lowering structural distortions to achieve high-quality pre-
dictions of materials properties, such as band gaps at eV scale [160-162].

Bismuth strontium calcium copper oxide;Bir,CaCyOg. x (BSCCO or Bi-2212) [163]
is one of the most intensively studied cuprates and is the focus of in this work. However,
prior DFT studies faced challenges due to its intricate structural distortions and superlat-
tice modulations [164-167]. We demonstrate that by employing modern DFT exchange-
correlation functionals and providing an accurate description of the crystalline structure in-
cluding energy-lowering lattice distortions, we can directly describe the antiferromagnetic
insulating ground state of undoped Bi-22¥ £ 0), the experimentally-observed crys-
tal structure of hole-doped Bi-2212 ( 0:25), the presence of competing magnetic and
charge stripe orders, as well as crucial details of photoemission spectra such as “shadow
bands”. This means that based on DFT calculations, we can correctly ascribe certain
experimental observations to speci ¢ structural motifs (e.g., shadow bands) while simul-
taneously helping build microscopically well-justi ed model Hamiltonians that allow us
to study the effects of strong electron correlations further. Our many-body calculations
based on such models predict spatial modulations of charge-transfer gaps and correlation
strength, consistent with experimental observations [137, , ]. Interestingly, struc-

tural modulation of the CuPplane is the dominant cause of this phenomenon, far more
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Figure 4.1: Crystal and electronic structure of high-symmetry undoped Bi-2212. (a) Side
view of the crystal structure along theaxis. Sr, Ca, Cu, Bi, and O atoms are marked

by green, gray, blue, purple, and red balls, respectively. The black square in the crystal
structure marks the G-AFM unit cell. (b) Top view of the BiO layer from thaxis. (c)
Projected band structures (left) and density of states (DOS) (right) from DFT calculation,
where the Fermi energy is set to be the reference energy. The inset of the band structures
shows the rst Brillouin zones (BZ) of the 60-atom supercell. The unit of DOS is the
number of states per unit cell (UC) per eV. Red circles and solid lines shgaoBiitals;

blue squares and dash lines showd=zorbitals; black dash-dotted line showsprbitals

in BIiO layers.

important than the electrostatic effects from dopant atoms that were assumed to be impor-

tant in earlier model calculations [139, , , , 146].

4.2 Undoped System

The undoped Bi-2212 possesses a bilayer crystal structure as depicted in Fig. 4.1(a)(b),
where each bilayer comprises two CuO layers separated by one Ca layer and sandwiched
between SrO and BiO layers. The smallest unit cell contains 30 atoms and crystallizes in

the tetragonal 14/mmm space group, with only one Cu atom in each CuO layer [169-171].
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However, this small unit cell leads to a false non-magnetic ground state due to the arti-
cial assumption of translational invariance of the Cu local moments [52]. In addition,
the tetragonal space group of this small unit cell is inconsistent with the orthorhombic-
ity observed in experiments [172]. Here, we start with a larger supercell (60 atoms/cell)
with two Cu atoms in each CuO layer, which allows for structural orthorhombicity and the
spontaneous symmetry breaking of the magnetic local moments. We ignore the superlat-
tice modulation distortion for now and focus on the distortions in BiO layers. As we will
show in the following, the distortions in BiO layers are crucial to raising the antibonding
Bi-O band to higher energy.

For simplicity, we rst compare different distortion patterns in bulk calculations. After
nding the most energetically favorable distortions, we then perform slab calculation to
compare with available undoped Bi-2212 experiments such as STM and thin Im trans-
ports. Because the inter-bilayer van der Waals interactions in Bi-2212 are weak, the slab
calculations show very small differences with the bulk results. This is also the reason why
many prior studies only focused on slab calculations [173-175].

First, we perform a relaxation starting with a crystal structure drawn for available
databases [170, , ] to identify the nearest local minimum with the same symmetry,
referred to as the “high-symmetry” structure. We nd a G-AFM ordered ground state with
local Cu magnetic moments 0f0:45 g, while the non-magnetic state is about 0.25 eV/Cu
higher in energy. These local moments agree with the experimental measurements, typi-
cally falling within the range of 0.4-0.6 in cuprates without chlorine [177]. Fig. 4.1(c)
shows the projected band structure and density of states of this AFM ground state which
is metallic. The AFM order opens a gap of about 0.6 eV ford=arbitals betweerm °
andX © The Bi-O in-plane coupling opens an about 1.0 eV bonding gap below the Fermi
level. As we will discuss in the following, this high-symmetry crystal is not the most
energetically favorable structure for undoped BSCCO.

To improve the theoretical description, allowing crystal structural distortions in the
BiO layers can further lower the total energy of the calculation. Using the conjugate gra-

dient algorithm for structural relaxation, we optimize the structures by initially lowering
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Figure 4.2: Crystal and electronic structure of two stable low-symmetry crystals of un-
doped Bi-2212. (a)(b) The top views of the “zigzag” and “orthorhombic” distortion pat-
terns of the BiO layer, where the orthorhombic distortion pattern in (b) is the most ener-
getically favorable structure. Large purple and small red balls represent Bi and O atoms.
The black squares in the crystal structure illustrate the G-AFM unit cells. (c)(d) Projected
band structures (left) and the density of states (right) of the crystal structures in (a) and
(b), separately. Red circles and solid lines shovpBrbitals; blue squares and dash lines
show Cud-orbitals; black dash-dotted line showsxrbitals in BiO layers.
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the symmetry in the BiO layers manually. Fig. 4.2(a)(b) depicts two typical stable or
meta-stable BiO layer patterns whose ground states are both G-AFM ordered on the CuO
planes. These two distortions have been studied separately in prior studies [178-180].
Here we will compare the effects of different distortion patterns on electronic structures
and demonstrate how the distortions help raise the BiO antibonding band.

Fig. 4.2(a) shows a zigzag pattern, where all the oxygen atoms on BiO layers are moved
along the diagonal direction of the in-plane unit cell by the same amount. With all BiO
layers displaying this zigzag distortion pattern, the AFM ground state energy is about 0.29
eV/Cu lower than the one with the high-symmetry structure in Fig. 4.1(b), and the local Cu
magnetic moments are0:48 g, slightly larger than the high-symmetry case. The BIiO
bonding gap increases to about 1.5 eV.

Fig. 4.2(b) shows an orthorhombic pattern, characterized by the lowest symmetry
among all three structures presented in Fig. 4.1 and 4.2. This pattern further breaks the
mirror symmetry of the crystal, resulting in an orthorhombic lattice consistent with obser-
vations in experiments [172]. This orthorhombic pattern exhibits the lowest AFM ground
state energy, 0.5 eV/Cu lower than the high-symmetry case. It also features the largest
local Cu magnetic moments of0:53 g as well as the largest BiO bonding gap size of
about 1.9 eV among all three Bi-O structural motifs mentioned above.

The electronic structures of the distorted crystals in Figs. 4.2(a) and (b) are presented
in Figs. 4.2(c) and (d), respectively. Compared to the electronic structure of the high-
symmetry case in Fig. 4.1(c), most of the changes are observed within the Bi bands due
to the BiO distortion patterns. Although the zigzag distortion pattern helps reduce the size
of the Bi electron pocket, it's only the lowest-energy orthorhombic distortion pattern that
elevates the entire Bi bands above the Fermi level, resulting in an insulating AFM ground
state.

A straightforward microscopic picture helps elucidate how the distortions contribute
to elevating the Bi bands to higher energy levels. The densities of states (DOS) plots
reveal that the in-plane BiO system possesses lled low-energy bonding states dominated

by oxygen and antibonding states dominated by bismuth, and the bonding/anti-bonding
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Structure| hopping (eV) bondlengthy) bond angle ()
1 1.0 2.65 90
2 1.8 2.28 112
3 2.3 2.17 93
4 0.9 2.65 93

Table 4.1: Bi-O hopping strengths, Bi-O bond lengths, and O-Bi-O bond angles in the BiO
plane bond for different distorted structures: structure 1 is the high-symmetry structure of
Fig. 4.1(b); 2 is the zigzag distorted structure of Fig. 4.2(a); 3 is the orthorhombic distorted
structure of Fig. 4.2(b); 4 has the same geometry as structure 3 but with stretched in-plane
lattice constant to match the Bi-O bond length of structure 1.

gaps are centered at about an energy 1 eV below the Fermi energy for all three structures.
However, the size of the bonding/anti-bonding gap varies with the distortion pattern. The
DOS shows that this gap is smallest for the high-symmetry structure in Fig. 4.11d) (

eV) and largest for the orthorhombic structure in Fig. 4.2(d1.0 eV). The gap size
difference arises from different Bi-O hybridization strengths among the three structures.
The coupling is strong enough only in the orthorhombic structure to lift the anti-bonding
state above the Fermi level, while the couplings in high-symmetry and zigzag structures
are too weak, resulting in metallic states.

This microscopic picture is consistent with a structural analysis. Generally, hopping
strengths depend directly on local structural properties such as bond lengths and angles.
We compare four different structures in Table 4.1: 1. the high-symmetry structure from
Fig. 4.1; 2. the zigzag distorted structure from Fig. 4.2(a); 3. the orthorhombic distorted
structure from Fig. 4.2(b); 4. the orthorhombic distorted structure with expanded in-plane
lattice constant. Structures 1-3 are stable/meta-stable relaxed structures predicted by DFT,
and structure 4 is prepared to have the same distortion pattern as structure 3 but the same
bond length as the high-symmetry structure 1. To extract the hopping strength, we compute
the tight-binding Kohn-Sham Hamiltonian on the maximally localized Wannier basis [31]
extracted from our DFT calculations using Wannier90 [63]. The projected Wannier or-
bitals encompass theorbitals of Bi and O, as well as thadorbitals of Cu, which are
suf cient to describe the bands near the Fermi level as shown in Appendix 4.7.7. Table 4.1

lists the Bi-O hopping (tunneling) matrix element for nearest-neighbor in-plane Bi-O pairs
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for different structures. Upon comparing these four structures, we observe that the bond
length has the most signi cant impact on the hopping strength (shorter bonds give larger
hoppings, as expected). The bond angles do in uence the hopping strengths but only mod-
estly (compare structures 1 and 4). Notably, the hopping strength in structure 3 (the lowest
energy structure predicted by DFT) is the only one large enough to open a band gap by
raising the Bi electron pockets (originating from the anti-bonding BiO bands) above the
Fermi level, and this leads to the insulating ground state.

Our last set of calculations for undoped materials will describe thin Ims by using slab
calculations. We start with the most energetically favorable bulk structure and insert 15
A of vacuum between BiO layers to create surfaces and slabs. Fig. 4.3(a) illustrates the
structural model: the four atomic layers closest to the slab's surface are relaxed to allow
for possible surface reconstructions. Fig. 4.3(b)-(d) show the projected band structures of
bulk, a slab of one bilayer, and a slab of two bilayers. They all have very similar band
structures near the Fermi level. There are some very modest surface effects on the unoc-
cupied Bi-derived bands about 1 eV above the Fermi level, while the Cu-derived bands,
both occupied and empty, are not affected by the surfaces. None of this is surprising: the
Cu layers are a few atomic layers away from the surface where the Bi layer resides. All
three calculations nd insulating band structures.

We conclude this section by comparing our results with experiments and prior theories.
Experimentally, bulk Bi-2212 crystals are conducting due to hole hoping from inevitable
excess oxyge(x > 0), so comparing our undoped calculations to experiments on the bulk
is not fruitful. However, undoped thin Ims of Bi-2212(= 0) have been realized ex-
perimentally: scanning tunneling microscopy (STM) [181-183] and transport [184, ]
experiments have found an AFM insulating ground state in undoped thin Ims Bi-2212.
(Aboutx 6% hole-doping is required to turn the insulating Bi-2212 Im into a super-
conductor [184, ].) Theoretically, some aspects of the undoped ground state have not
been described well by prior DFT work which may have hampered further theoretical stud-
ies of the effects of doping and other perturbations on the system at a microscopic level.

For example, prior DFT works were unable to simultaneously reproduce the AFM order
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Figure 4.3: (a) lllustration of the slab geometry whereAVacuum is added between
periodic copies of the slabs alormg Several surface atomic layers including BiO, SrO,
CuO, and Ca layers are relaxed to study the surface effect. The remaining atoms are frozen
in their bulk con gurations. (b) The projected band structure of bulk BSCCO calculation
adapted from Fig. 4.2(d). Red circles and blue squares represent Bi and Cu projections. (c)
The projected band structure of a slab calculation comprised of only the upper bilayer in
(a). (d) The projected band structure of the full unit cell containing two bilayers as shown
in (a).
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and the insulating behavior of undoped Bi-2212 whether modeling the bulk [52, , IB
thin Im or or slabs [173-175], or when using larger more realistic unit cells that include
the observed crystal modulation [167, ]. The prior work found undoped Bi-2212 to
be metallic and “self-doped” due to Bi electron pockets at the Fermi surface (pockets that
have not been seen in experiments). Some prior works [174, , ] resorted to addi-
tional “manual” hole doping to eliminate the nite Bi density of states: while this is a
sensible workaround, it would be preferable to have a calculation of the undoped material
re ect the insulating experimental system.

Our calculations provide a simple and correct description of the undoped material as
an AFM insulator, in agreement with available experiments. The reason for success is
straightforward and combines two aspects of prior works in a single calculation: more
capable exchange-correlation functions (such as GGA+U or SCAN+U) must be combined
with thorough relaxation of the microscopic structure to allow for energy-lowering struc-

tural distortions to occur and open up the band gap.

4.3 Oxygen-Doped System

Commencing with undoped Bi-2212, hole doping is incorporated through interstitial oxy-
gen dopants within the material. These additional hole dopants give rise to a diverse range
of physical properties including superconductivity, the pseudogap phenomenon, and the
presence of Fermi surface. The subsections below present our ndings on various aspects
of the hole-doped system at 25% (overdoped): the hole-doped crystal structure including
the long-range superlattice modulation and associated placement of the oxygen dopants;
the nature of the low-energy magnetic states including spin and charge stripes; and a de-
tailed analysis of the ARPES spectra at the Fermi level including the effects of structural
distortions in creating the shadow bands as well as the effect of many-body effects and

uctuating magnetic orders on these spectra.
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Figure 4.4: (a) DFT predicted crystal structure ob&,CaCuyOg.»5, Where the hole
doping level isx = 0:25. Sr, Ca, Cu, Bi, O, and dopant O atoms are marked by green,
gray, blue, purple, red, and black balls, respectively. Red arrows further highlight the O
dopants. The black solid square in the crystal structure marks the 244-atom unit cell of the
doped crystal. The black dashed rectangle highlights the CuO layers in one of the bilayers
in the unit cell. (b) Measured crystal structure of BSCCO with hole dopirng of 22%

using STEM adapted from Ref. [187]. The red arrows are from the original work, pointing
out the oxygen dopants. We show a column of colorful balls for easy identi cation of the
atomic species.
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4.3.1 Crystal Structure

For the oxygen-doped Bsr,CaCWR0sg,x system withx = 0:25 we explicitly include

the superlattice modulation [135, —167]. Experimentally, this modulation exists with
a period between 4-5 unit cells regardless of doping level [165, —189], and theoreti-
cally con rmed that the modulation is an intrinsic behavior of BSCCO in that it occurs
even without doping [167]. Of course, in a computational model using periodic boundary
conditions, the superlattice modulation must conform to the size of the computational su-
percell, e.g., 5 unit cells in Ref. [167] and 4 unit cells in our work below; either choice is
reasonable given the range of 4-5 unit cells found in experiments. We choose 4 unit cells
for purely pragmatic reasons: the ARPES experiments [130] we will compare to below
(concerning the shadow bands) are estimated to have a dopdn@2of x < 0:24 (based

on the superconducting temperature)xor 0:26 (based on the Fermi surface volume).
Our choice ofx = 0:25is suitable. Finally, unlike a calculation with periodic boundary
conditions, the positions of the oxygen dopants may be disordered in the real material
which will modify spectroscopic intensities. However, given the above-described robust-
ness of the superlattice modulation with respect to doping, we believe that the superlattice
modulation (and spectroscopic features deriving from it such as the shadow bands) should
only suffer modest broadening and generally remain intact with respect to oxygen disorder.

For the chosen supercell which accommodates a period-4 superlattice, we explore var-
ious possible positions for the oxygen dopants. These structural properties are essential
for describing the BiO layers properly, and they also have a signi cant impact on the su-
perconducting gap [138, 190].

Prior work using smaller unit cells has shown that the lowest-energy oxygen dopant
positions are between the Bi and Sr layers [174, ]. Hence we follow the prior work
to look for optimized oxygen dopant positions around the Bi and Sr layers. We have
tested multiple oxygen dopant positions, and Fig. 4.4 (a) shows our optimized lowest-
energy crystal structure for Bpr,CaCuyOg.,5, Where four oxygen dopants are added into

a stoichiometric undoped Bi-2212 unit cell of 240 atoms whichds & 1 enlargement of

the 60-atom unit cell of Sec. 4.2. Several metastable crystals are listed in Appendix 4.7.4,
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showing an energy cost of at least 900 meV/dopant to move oxygen dopants between two
BiO layers, and at least 168 meV/dopant to move dopants between BiO and SrO layers.
Regardless of the dopant positions, the relaxed superlattice modulation remains in the
same pattern, consistent with the modulations found in prior experimental and theoretical
works [135, —167].

We conclude that the most stable positions for the oxygen dopants are located at the
necking region between BiO and SrO layers as highlighted in Fig. 4.4. This position agrees
with the in-plane dopant coordinates determined by STM experiments [137], but STM is
performed on the surface and cannot describe the dopant positions along the out-of-plane
direction. Hence, we compare directly to recent high-resolution STEM measurements
[187] which can provide orthogonal information on atomic positions: we see excellent
agreement with the STEM-observed structure as shown in Fig. 4.4 (b). Hence, we are
con dent in our predicted ground-state structure for the doped crystal and use it below to

predict a variety of low-energy magnetic and charge orderings.

4.3.2 Magnetic and Charge Ordering

With the lattice structure of our doped BSCCO con rmed, we turn our attention to the
electronic spin and charge distribution within this system. We will show that many spa-
tially spin- and/or charge-ordered electronic states are almost degenerate in energy with
the G-type (checkerboard) AFM-ordered state. This indicates the presence of strong spin
and charge uctuations and competing orders in this overdoped normal state, and such
uctuations are thought to be a possible physical origin of the pseudogap phase in the
cuprates [191].

We begin with short-period magnetic orderings of the Cu magnetic moments, such
as the non-magnetic, ferromagnetic, G-AFM, and A-AFM states. Possible longer-period
magnetic orders with spatial inhomogeneity, such as stripe order states, are considered
further below. Not surprisingly, the most energetically favorable magnetic order among the
short-period orderings is the G-AFM order with antiparallel nearest-neighbor spins on Cu

atoms as illustrated in Fig. 4.5(a). Other short-period meta-stable magnetic orders exhibit
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aligned nearest-neighbor spins, either in an intralaye4@ meV/Cu higher in energy) or
interlayer ( 2meV/Cu higher in energy) fashion, as discussed in Appendix 4.7.8. Since
the energy cost associated with changing the inter-bilayer spin alignment from antiparallel
to parallel is negligible as listed in Appendix 4.7.8, we will concentrate below on the
magnetic structure within a single bilayer.

As we delve into the complex low-energy longer-period spin and charge orders, it
will be crucial to be able to quantify the local Cu moment and electron count in a simple
but precise manner. Given the complexity of the large BSCCO supercell, we concentrate
on the charge and spin of the electrons near the Fermi energy, i.e., the low-energy elec-
tronic behavior, so a low-energy Hamiltonian description will simplify the analysis. As is
well known for cuprates, the electronic bands at or near the Fermi energy are made from
anti-bonding -type combinations of the CBd,> 2 and O2p,-, orbitals. We nd that
other bands dominated by Bi, 2p,, or other Cud orbitals are all at least 0.6 eV above
or below the Fermi level (this is consistent with experimental knowledge that Bi-derived
or other Cud-derived bands do not appear in ARPES at the Fermi surface). The mini-
mal basis to describe the key bands is a “one-band model” [192] where a single Wannier
function is needed per Cu site: it has mixed anti-bonding,&y-/Op,-, character, and
we construct it via the established maximal localization approach. This means there is
one Wannier function per Cu®and Appendix 4.7.1 shows a visualization of this Wan-
nier function. This one-band model is widely used to study various aspects of high-T
cuprates, e.g., spin and charge density waves, the pseudogap phase, and strange metal
behaviors [124, —195]. However, instead of an idealized one-band model, Wannier-
ization of the actual low-energy structure and electronic bands will automatically include
symmetry-breaking effects into the one-band model (e.qg., variation of on-site energies due
to local modi cations of bonding). Not surprisingly, this Wannierization reproduced the
DFT band structure about the Fermi energy to high accuracy (see Appendix 4.7.7 ). Itis
worth noting that another well-known effective model for the cuprates is the “three-band
model” where one has Wannier functions for thedzu . and both (.-, so that one can

describe the bonding explicitly as well as the low-energ2dO -bonding-bands that are
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farther away from the Fermi energy. Appendix 4.7.1 describes our three-band model and
shows that it can also describe the low-energy bands accurately. Given our focus on the
band crossing the Fermi energy, we prefer the more economical one-band description.

The one-band model has the advantage that the resulting electron counts are easy to
understand: e.g., an undopdticon guration for each Cu will correspond to one electron
occupancy at each site; 25% hole doping will correspond exactly to an average of 0.75
electrons per site (assuming only the bands described by the single-band model are hole-
doped which is easily veri ed by direct comparison of the Wannierized band structure to
the underlying DFT bands). In essence, we have a localized basis that replicasds the
initio band structure near the Fermi energy. We employ this tight-binding representation
to compute the band structure, band occupancies, and local occupancies of the Wannier
orbitals. For a thermal Fermi-Dirac smearing0ddleV ( 10XK), Figure 4.5(c) presents
the local moment magnitudes for the G-AFM state. The moments are aroung; Qvith
small modulations of about0:04 g due to the superlattice modulation. A similar modu-
lation of 0:03e also manifests in thd,. - electron occupancies shown in Fig. 4.5(d).

We have discovered numerous longer-ranged stripe-ordered states that exhibit nearly
degenerate energies with the G-AFM state. While DFT-based stripe-ordered states were
previously reported in LSCO [196, ]and YBCO [191], they have not been observed in
BSCCO up to now. For Bi-2212, we present a typical low-energy bond-centered stripe-
ordered state in Fig. 4.5(b), where the nearest neighbor spins crossing the dashed domain
walls align in parallel, in contrast to the antiparallel alignment in the G-AFM state. Re-
markably, the total energy of this stripe-order state is only 1.9 meV/Cu higher than the
G-AFM state. In Appendix 4.7.2, we tabulate eight distinct stripe order patterns with en-
ergies with 3 meV/Cu of the G-AFM state. These stripe order states differ by their types
and alignments of the domain walls, with only little energy differences. The existence of
all these energetically competing orders suggests the presence of strong spin uctuationsin
the normal state, which can play an important role in superconducting pairing [198-201].
Figs. 4.5(c,d) show the local moment ahd > occupancy of this stripe-order state. The

sites closer to the domain walls have lower occupancies and smaller local moments than
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Figure 4.5: Competing G-AFM and stripe order phases in a CuO bilayer. (a,b) lllustra-
tions of G-AFM (a) and a typical stripe order phase (b) for the bilayer in the black dashed
square of Fig. 4.4. The black arrows represent the local moments on Cu atoms, with exag-
gerated length and thickness highlighting their relative magnitudes. Yellow dashed lines
show the magnetic domain walls in the stripe order phase. (c) The magnitude of local mo-
mentsin g onthe Cu sitegalonga-axis de ned agm;j j ni- njz g, wheren; isthe
occupancy of thel,. y» Wannier orbital at sité with spin . (d) Thed. y» occupancy

on Cu atomic sites de ned g8ij | nj- + njz. Red dashed lines and blue solid lines
represent the GAFM and stripe-order states, respectively. Circles and diamonds show the
results of the upper and lower layers.
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the other sites. These striped spin and charge orders present a modulatid2 of for

local moments and 0:15for occupancies, signi cantly larger than the modulation caused
by structural supermodulation captured in the G-AFM state. Consequently, the formation
of the stripe order has an electronic origin, but the precise location of the domain bound-
aries can be in uenced by the superlattice modulation effect.

Notice that the modulations of local moments and the electron occupancies are the
same numerically. This is because we have one Wannier orbital per site, and within band
theory, forming a local moment requires an exchange splitting resulting in an occupied
low-energy spin-majority orbital and empty high-energy minority-spin orbital: the doped
holes go into the spin-majority orbital and reduce both local occupancy and magnetic mo-
ment simultaneously. Hence, the redistribution of doped holes strictly follows the change
of spin structures in an intuitive manner.

In addition to the Wannier basis described above, we have also analyzed the electronic
structure of the stripe orders with the standard atomic projections output by the Vienna
ab initio simulation package (VASP) software [55, 56] in Appendix 4.7.9. The results
are dif cult to interpret due to the non-orthogonality of the standard VASP projections as
explained in the Appendix: the Cu magnetic moments show spatial modulations similar
to those in Fig. 4.5 but the total occupancies hardly vary from site to site; additionally,
there is a large oxygen contribution to the bands crossing the Fermi level. In short, in
contrast to ourd,. y» Wannier basis and the intuitive picture it provides, the standard
VASP projections are unable to explain the stripe order easily and we do not discuss them
further. (The magnetic moments and electron counts for a three-band model are found in

Appendix 4.7.1 which show qualitative agreement with our one-band model.)

4.3.3 ARPES Spectra and Shadow Bands

The topology of the Fermi surface and the associated low-energy electronic spectrum, usu-
ally measured by ARPES [202], provides important insights into the electronic properties
of solids. In particular, many materials exhibit a so-called “shadow band” (SB) Fermi sur-

face, resembling a weak-intensity copy of their main band (MB) Fermi surface with certain
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Figure 4.6: Electronic structures of the 25% hole-doped Bi-2212 system with a non-
magnetic state. (a) The unfolded band structure of the 244-atom unit cell. The opacity
represents the spectral weight. (b) Schematic Fermi surfaces are black curves. The black,
yellow, blue, and red rectangles represent the rst BZ of the 1, 2, 4, and 8 Cu per layer
unit cell, respectively. (c-e) Unfolded Fermi surfaces for the symmetrized crystal, the
orthorhombic distorted crystal of Fig. 4.2(b), and the hole-doped crystal of Fig. 4.4, re-
spectively. The Fermi level in (c) and (d) is shifted by 25% “virtual hole doping” to allow

a fair comparison to the hole-doped Fermi surface in (e). Yellow dashgdrd red solid

(p) arrows show two different coupling wave vectors. (f) Measured ARPES Fermi sur-
face afT = 104 K, adapted from experiments with similar hole doping leve23%[130].

Solid and dashed black curves highlight two distinct kinds of Fermi surface curves.
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shifted vectors in momentum space. Depending on the system, these SB Fermi surfaces
can, in principle, originate from any type of symmetry breaking such as electronic [203],
magnetic [204], or structural [136] origins. The physical origin of the SB Fermi surface
is crucial for understanding the physical properties of the material, but it is dif cult to
distinguish between the different possible origins from ARPES measurements alone.

The Fermi surface of Bi-2212, as revealed by intensive ARPES studies, includes weaker
intensity SB in addition to the main bands (see Fig. 4.6(f), adapted from an experiment
[130]). These SBs can be described by two types of symmetry-breaking vectors. One

of them always aligns with the superstructural modulation direction, while the other is

along (; ), coincident with the AFM ordering vectors. This has led to a continued
debate regarding the magnetic [205-207] versus the structural origin [136, —210] of
the (; ) folding vector. Direct theoretical interpretation of these SB Fermi surfaces

using DFT has been lacking.

Below, we predict the ARPES Fermi surface using DFT and many-body calculations
to nd the underlying physical mechanisms behind the emergence of SB. We will demon-
strate that the emergence of these two distinct types of SB is attributed to two distireet
tural symmetry-breaking mechanisms while simultaneously clarifying how one should
compute the ARPES spectrum in a theoretically consistent manner when building on DFT

output.

Non-Magnetic Calculations

Due to the strong spin uctuations suggested by the numerous competing stripe orders and
the G-AFM states, the normal state of the hole-doped system should not be described by a
single magnetically-ordered con guration (i.e., a single Slater determinant). In principle,

an account of quantum spin uctuations is needed for a comprehensive theoretical descrip-
tion including the magnetic susceptibility [211] and spin correlations [212] in cuprates. In
practice, however, there is an established recipe whereby spectra computed using band the-
ory for a non-magnetic electronic state of the cuprates are nicely comparable to ARPES

Fermi surface [202, ]
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In this subsection, we use this pragmatic approach and consider the electronic band
structure of the non-magnetic state to see what can be learned. The effect of spatial and
temporal spin correlations and uctuations on the computed ARPES spectra will be dis-
cussed in the following subsections. As an added bene t, removing the spin degree of free-
dom allows us to focus exclusively on the effects of symmetry breaking by structural per-
turbations. As demonstrated below, the non-magnetic state successfully accounts for many
normal state spectroscopic properties, including the SB. To facilitate comparison to exper-
imental ARPES spectra of the Fermi surface, we employ a standard “band-unfolding”
method [64, ] to project the band structure of a large supercell onto the primitive unit
cell Brillouin zone. This approach is known to reproduce spectral intensities observed in
various ARPES experiments on many different materials qualitatively [65-68]. The band
structures and unfoldings discussed below are computed using the one-band Wannier basis
described above in Sec. 4.3.2.

The panels of Fig. 4.6 display the unfolded band structures. Fig. 4.6(a) shows the
case of the 244-atom 25% hole-doped system with a non-magnetic phase. Around the
antinodal region near M/X" in Fig. 4.6(a), we nd two branches of at bands below the
Fermi level, which are split by the interlayer coupling in the bilayers, consistent with
ARPES experiments [130, ]

Fig. 4.6(e) exhibits the unfolded Fermi surface of this 25% hole-doped system. The
curves with the highest intensity contain two easily visible curves corresponding to the
solid and dashed black curves of Fig. 4.6(f) from the ARPES measurement. Aside from
these main curves, the ARPES Fermi surface exhibits a complicated set of shadow bands
with lower intensities which are also reproduced in Fig. 4.6(e). Given the highly satisfac-
tory theoretical results, we will conduct an analysis to demonstrate that the different sets
of shadow bands have two distinct physical origins.

We begin with a symmetrized model of the Wannier tight-binding model of undoped
BSCCO with orthorhombic distortions: the spatially inhomogeneous onsite energies and
hoppings introduced by structural distortion are symmetrized to their respective mean val-

ues. As a result, the non-magnetic state of this model can be described in a small primitive
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cell with one Cu atom in each CyQayer, due to the full translational symmetry of this
symmetrized model. Consequently, the unfolded Fermi surface of this model, shown in
Fig. 4.6(c), only contains the main Fermi curves without any shadow bands. (The Fermi
levels of the undoped crystals are lowered manually to achieve 25% hole doping.) Starting
from this clean Fermi surface, we successively add complexity to the crystal to see the
emergence of the shadow bands.

Next, we turn to the effect of orthorhombic distortions on the Wannier tight-binding
model given by the crystal in Fig. 4.2(b) without symmetrization. Similarly, 25% hole
doping is introduced by lowering the Fermi level manually. This model exhibits an approx-
imately circular-shape shadow band as shown in Fig. 4.6(d). This circular shape shadow
band arises from the symmetry breaking of in-plane hoppings due to the orthorhombic
distortions, as depicted in Fig. 4.2(b). Previous experiments have observed these shadow
bands and suggested their likely structural origin [136, , ] without providing a spe-
ci ¢ microscopic picture. We observe that the distortions in the Bi-O layers enlarge the
unit cell and introduce an inter-band coupling at wave vedjpors ( ; ). This cou-
pling leads to folding from the main bright curves to the shadow bands as indicated by the
yellow dashed arrows in Fig. 4.6(d) and Fig. 4.6(e).

Finally, we study the Wannier model for the large supercell shown in Fig. 4.4 that
includes both the Bi-O layer distortions and the superlattice modulation. Consequently,
on top of the circle-like shadow band, there is another type of shadow band involving
the wave vectop = (=4; =4) shown in Fig. 4.6(e). This type of shadow band,
often referred to as a “superstructure” in previous studies [216], has long been attributed
to a post-emission modulation effect from Bi-O layer buckling [210]. Prior experiments
have also shown that this type of shadow band fades away when the crystal modulation is
gradually reduced by Pb doping [216]. Our calculation presents a consistent and simple
microscopic picture: the oxygen dopants and associated superlattice modulations further
enlarge the unit cell and introduce an additional coupling,atThis coupling creates a
further folding (illustrated by the red arrow) from the main bright curves to another set of

shadow bands. Note that, in both experiments and our theory, this coupling only occurs in
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one crystalline direction due to the superlattice modulations being solely aloaggtkie
as shown in Fig. 4.4.

Concluding this subsection, results based on the non-magnetic electronic state clearly
show that lattice distortions alone can give rise to the shadow bands observed on the Fermi
surface of BSCCO and that the matching of theory and experiment is of very high qual-
ity. Many-body effects and complex electronic uctuations are not necessary to describe
the shadow bands. However, since many-body effects and uctuations exist in the actual
material, describing the material using a non-magnetic state electronic state is highly in-
consistent from a theoretical viewpoint. As a simple example of the inconsistency, the
non-magnetic state is much higher in energy than any of the magnetically ordered phases
in our (and prior) DFT calculations: why is an ARPES spectrum computed using an un-

physical high-energy state so accurate?

Band Theory Treatment: Static Inhomogeneous Local Moments

DFT calculations (ours, as well as prior work, [191]) show that there are many compet-
ing low-energy states involving charge and spin ordering. Thus the simplest step going
beyond the non-magnetic calculation is to stay with the DFT framework (i.e., band the-
ory) and assume that the actual material has static local moments on each atomic site and
is spatially inhomogeneous microscopically: different parts of the material have different
local charge/spin orderings. This state is often known as the spin glass state. If exper-
imental measurements average spatially over these inhomogeneities, one can attempt to
describe the fact that. Like other cuprate superconductors(:25 hole-doped BSCCO

shows strong spin uctuations [217-220] and is paramagnetic (PM) [221-223] in exper-
iments. Hence, the static spatial uctuations of the charges/spins from the band theory
should average to give a globally uniform and paramagnetic structure. The key point is
that because band theory is based on a single Slater-determinant which precludes dynamic
(temporal) electronic uctuations, the uctuations in the actual material must necessarily
be described, within band theory, as static ones that are distributed inhomogeneously in

space. In this section, we will see that this approach leads to poor or problematic predic-
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Figure 4.7: Thermally averaged unfolded Fermi surface of eight representative low-energy
stripe-order states and the G-AFM state from the DFT calculations. Labels of high-
symmetryk-points are the same as Fig. 4.6.

tions of ARPES spectra and that a method going beyond band theory will be needed for a
consistent and accurate description.

The simplest approach to dealing with inhomogeneity is to take a large library of DFT-
computed low-energy structures and compute a thermally-averaged ARPES spectrum: for
each spin/charge-ordered state, one computes the ARPES spectrum using band-unfolding
and has it contribute to the average spectrum with a weight given by its thermal Boltzmann
probability based on the energy of that state per unit cell. The physical picture is that
each unit cell of the material is effectively independent of its neighboring cells so that
the spatial inhomogeneity can be replaced by a thermal average over a single unit cell's
multiple possible states. In other words, one assumes that the domain size of each phase
is on the order of a unit cell [224]. We have performed this calculation using 8 different
low-energy stripe order states as well as the G-AFM state for the 244-atom unit cell using
a thermal energy dfg T = 0:01eV. The resulting ARPES spectrum is shown in Fig. 4.7
and has little relation to the experimental observations.

Given this problematic spectral prediction, the above approach can be improved by
relaxing the assumption of the xed domain sizes: one should make a more faithful model

that automatically chooses domain sizes and distributions based on total energy minimiza-
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tion in a large supercell, and then compute the associated ARPES spectrum of this large
supercell that contains representative inhomogeneous charge/spin distributions [225]. It
turns out (below) that one needs beyond 2,000 Cu sites in the supercell to converge the
resulting ARPES spectra versus supercell size. Hence, this approach is not presently fea-
sible using DFT due to its computational expense, and a surrogate model is needed. In
the following, we will use a simple tight-binding approach based on Wannierization of the
DFT band structure to arrive at a computationally tractable surrogate model.

Speci cally, we consider a single-band Hubbard model treated within Hartree-Fock
(HF) theory for a single 2D Cufplane in BSCCO (the same Wannier basis from Sec-
tion 4.3.2), so we have ortg. > Wannier function for each Cu site. The total HF energy
is

X X X
Efr = tyhey ¢ i+ i i+ U s ihng (4.1)

] i i
whereg¢, is the electron (fermion) annihilation operator for sitgith spin , the number
counting operator i, =4’ & ,t; is the hopping parameter between sitasdj , and ;

are on-site energies. The operator expectations are over a single Slater determinant wave
function found by minimization of the total energy or equivalently self-consistent solution

of the HF single-particle Hamiltonian, which for spin channe$

A = * t ¢ ¢ +X i +ux by in; (4.2)
I ™~ it i i .

ij i i

where  denotes the opposite spin from

For BSCCO, we nd that a high precision reproduction of the DFT band structure re-
quires only three key types of hopping parameters whicht aretygooi;t° = tuig and
t% = t;pos Wherehl0d is a nearest-neighbor hopping (along the Cu-O-Cu direction),
etc. The Wannierization of the full 244-atom unit cell including the crystal modulation
distortion yields us the hopping parametgysas well as the site-dependent the hop-
ping parameters, when averaged over all appropriate pairs in the unit cell, have the values
t = 0:4731t°=0:088 andt®= 0:091eV. (To simulate a high-symmetry structure,

we symmetrize our model by setting gll= 0 and all hoppings to these averaged values.)
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Figure 4.8: Self-consistent local electron density and magnetic moments from a HF treat-
ment of the 2D one-band Hubbard model fd32 32 periodic 2D lattice withU = 3:1

eV, a thermal smearing &g T = 0:01 eV, and hole-doping = 0:25. This particular
solution was started from a random initial guess and has a lower HF total energy than any
ordered phase (see Table 4.2). Left: local electron density n;- + n;x for each site

i = (x;y). Middle and right: magnitude and signed value of the local magnetic moment
m; = nj»  njz. Note the complex mixture of AFM and FM arrangements domains and
how sites with large magnetic momeits;j also have high electron density.

These hopping parameters are qualitatively consistent with the effective Hamiltonians in
prior DFT studies on high-symmetry unrelaxed crystals [153, , , ]. In addition,
due to the structural distortions and superlattice modulation, these hoppings are modulated
spatially by about 0:01%V, and the onsite energies are modulated by ab@:032V.

The interaction parametéf is chosen so that the HF total energy difference between the
non-magnetic and GAFM phasesxat 0:25reproduces the total DFT energy difference
between those phases. The resulting valug is 3:1 eV orU=t 7, which is con-

sistent with the effective Hamiltonian from prior works [153-155, , ], and is very
reasonable compared to prior studies of cuprate systems using one-band Hubbard mod-
els [194, ,227].

We solve for HF solutions using a simple self-consistent eld (SCF) method: we diago-
nalize the HF one-particle Hamiltonian of Eq. (4.2) using k-point sampling of a large peri-
odic supercell, compute the resulting electron dendities using small thermal smearing
of 0:01eV (for numerical stability of the SCF calculation), and iterate to convergence. We

begin with a variety of different initial seed densities (e.g., ferromagnetic, AFM, stripes, or
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Method
HF SSSB
Phase | E jmj n E jmj n
x=0
NM 0 0 1 0 0 1
FM -27 0.8 1 -0.2 0.04 1
AFM -236 0.9 1 -56 0.8 1
x=0:25
NM 0 0 0.75 0 0 0.75
FM -74 0.6 0.75 -0.2 0.06 0.75
AFM -95 0.5 0.75 -3 0.3 0.75
stripe | -106 0.4-0.7 0.66-0.84 -2 0.1-0.2 0.74-0.75
random | -117 0.0-0.8 0.49-0.94 -3 0.0-0.4 0.74-0.77

Table 4.2: Key ground-state properties for the undoped and hole-dopea = 0:252D
single-band Hubbard model based on Hartree-Fock (HF) and the single-site slave-boson
(SSSB) methods withh = 3:1 eV and using hopping parameters extracted from Wannier-
ization of DFT band structures. Results are based on calculation82n 32 lattice with
periodic boundary conditions and thermal energk®f = 0:01eV. The phases describe

the static spatial distributions of charge and spin: spatially uniform non-magnetic (NM),
spatially uniform ferromagnetic (FM), checkerboard (G-type) anti-ferromagnetic (AFM),
period-4 stripe phase of alternating FM and AFM lines (stripe), and a representative low-
energy state started from a random seed (random). The columns are the total energy per
electronE in meV, the magnitude of the local magnetic momemt(wherem; = n;» N

for each sita), and the local electron count(n; = n;- + n;x). For spatially non-uniform
phases, the minimum and maximumjaf;j andn; are provided as a range. For each
doping level, the NM phase is chosen as the reference zero energy.
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random) to arrive at solutions of different symmetries. For each solution, we compute the
ARPES spectrum by computing a dense sampling of wave vectors of the supercell, nding
the states at the Fermi energy, and projecting their wave functions onto plane waves. To
converge the ARPES spectra with the above thermal smearing, our 2D lattices must be of
minimum size32 32(i.e., 1,024 Cu sites in one Cyayer). In addition to sampling a

large supercell, we thermally average the ARPES spectra o280different low-energy

HF solutions to simulate averaging over a large inhomogeneous materials system.

Table 4.2 (left side) shows total HF energies per electron and local magnetic moments
for several low-energy solutions for undoped= 0 and hole-dopea = 0:25 systems.

Not surprisingly, the undoped= 0 system has a checkerboard AFM ground state with a
large stabilization energy. For the hole-doped case, the lowest energy states (represented
by the “random” row) have a complex, inhomogeneous spatial distribution of spin and
charge: we obtain a large number of nearly degenerate solutions that are qualitatively
similar in that they show mixed domains of AFM and FM with meandering boundaries.
Figure 4.8 shows an example of the magnetic moment and electron count distribution of
a low-energy HF solution (the “random” entry of Table 4.2). We note a few facts from
the gure: the lattice has a mixture of FM and AFM domains, each domain is a few unit
cells wide (typically 5 or less), and lattice sites with high electron couhave a larger
magnetic momerjmj (and vice versa). In other words, within HF, the doped holes choose

to distribute themselves inhomogeneously in space to lower the total energy, and the sites
to which they segregate have weak magnetic moments.

Unfortunately, when we compute the unfolded band structure at the Fermi level for
such low-energy HF solution associated with Fig. 4.8, we nd results shown in Fig. 4.9.
Overall, the spectrum is qualitatively similar to the non-magnetic theoretical as well as
experimental spectra from Fig. 4.6 as it has visible Fermi arcs. This makes sense because
a large simulation cell with an electron distribution like that of Fig. 4.8 is non-magnetic
upon spatial averaging, and the wave functions used to compute the spectrum in Fig. 4.9
are plane waves of constant amplitude that sample the entire simulation cell. However, this

HF-derived spectral weight is far too broad in wave vector (momentum) space to make a
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Figure 4.9: Band-unfolded Fermi surface for the low-energy, spatially inhomogeneous HF
solution corresponding to Fig. 4.8. The rough outlines of an NM-like spectrum similar

to the experimental and theoretical ndings in Fig. 4.6 are visible, but the spectral weight
around the Fermi level is too broad for a faithful comparison or for visualizing any shadow
bands.

meaningful comparison to the experiment or to even visualize the shadow bands. In retro-
spect, the reason is straightforward: the static and inhomogeneous electronic distribution
shown in Fig. 4.8 contains domains whose size is a few primitive unit cells, so we would
expect upon Fourier transformation to nd broad structures in wave vector space.

Thus, increasing the size of the simulation cell when averaging spectra derived from
static spatial inhomogeneity does improve the comparison to the experiment (compare
Fig. 4.7 to Fig. 4.8), but there is still quite a distance to go before claiming to understand
the electronic structure that underlies the experimental ARPES spectra. Since the band
theory approach assumes an electronic state that is described by a static spatial pattern, we

have to abandon this underlying assumption to make progress.

Many-Body Treatment: Dynamic Fluctuations

To go beyond band theory, we need a theoretical framework that allows us to include the
basic physics of dynamic electronic uctuations in a computationally ef cient manner. As
noted above, the fact that the 25% hole-doped BSCCO is paramagnetic (PM) [221-223]
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argues that each local spin moment uctuates dynamically (i.e., in time) [217-220, ].
Prior research has also suggested a close relation between spin uctuations and high-
temperature superconductivity [219,229]. In this section, we perform a many-body study
of the system and arrive at two ndings: (a) a many-body treatment removes the ener-
getic drive towards a static, inhomogeneous electronic distribution and instead produces
a spatially almost uniform static (i.e., time-averaged) spin/charge distribution where the
residual spatial inhomogeneity is only introduced by structural distortions; and (b) while
many-body effects narrow the electronic bandwidths when compared to the NM DFT cal-
culations, they have little effect on the Fermi surface including the shadow bands.

There are a number of different many-body solid-state methods when one wishes to
go beyond mean- eld theory. Considering the sizes of the simulation cells we are deal-
ing with even for the simple 2D single-band Hubbard model, we will use computation-
ally ef cient slave-boson methods that we have developed recently as both single-site
methods [32, 33, ] and an accurate cluster-based method [34]. In these approaches,
the electron annihilation operatér is replaced by the produdﬁ O, where we have a
chargeless fermion represented by the fermionic annihilation operator (called a spinon)
fi and a charged auxiliary or slave boson represented by its lowering opatoFhe
two subsystems are separated by approximating the ground-state density/htdtthe
combined spinon+boson system by the product form s where each subsystem has its
own density matrix{; for spinons and for the slave bosons). The ground state is found

by minimizing the total energy

X X X
Eqt = ty Y F i hOY & i+ i s+ U M Nigis

ij i i
where thef or s subscripts mean an average using the associated density Myatix
"s. We note that the interaction term is treated correctly within the slave-boson descrip-
tion (i.e., the product of densities is not factorized as in HF in Eqg. (4.1)). Total energy
minimization for this approach means one must solve two coupled problems: a set of non-

interacting spinons (fermions) moving on a lattice whose hoppings are modulated by the
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slave patrticles, and a set of interacting slave modes that are moving on a lattice. In prac-
tice, the slave problem is approximated by solving small clusters: the slave Hamiltonian
of a single site or a small cluster of interacting sites is solved exactly and is coupled to
an effective bath self-consistently determined from the averaged properties of the site or
cluster.

To compute electronic spectra at the Fermi energy, one considers the spinon Hamilto-

nian given by

B = X t; OV O, ifYf; +X (i+ Bi)h (4.3)
ij i

where the auxiliary “magnetic” eldd®3; permit static symmetry-breaking solutions of
the electronic ground state [33, 34]: part of the minimization process is to ndBthe
values that minimize the total energy. The spinon Hamiltotardescribes a set of non-
interacting electrons moving on a lattice whose tight-binding hoppings are renormalized
by expectations values from the slave sector. The spectral properties of the interacting
spinon+slave system at the Fermi energy are found by computing them at the Fermi en-
ergy of the spinon problem (e.g., by diagonalizationthf) [231]. Note that this ap-
proach can reproduce the Hartree-Fock predictions if total energy minimization results in
hdY §; is=1andB; = Uh; i, butit has a wider set of solutions with)! &; is 6 1
with dynamical spin/charge uctuations that may have lower energy.

We begin with the simplest slave-boson method where the interacting problems being
solved involve each site separately. We have performed a large number of calculations
on 32 32 lattices for the above Hubbard model (with periodic boundary conditions),
minimizing the total energy of each system when starting with various initial electronic
seed states (NM, FM, AFM, stripe, and random). Table 4.2 provides total energies and
basic observables for the undoped and hole-doped 2D Hubbard lattices. Super cially, like
HF, static electronic symmetry breaking for slave bosons also lowers the energy.

However, the main message of the table is the vastly different energy scale for stabi-

lization of static electronic symmetry breaking: the energy lowering in the slave-boson
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calculations is one to tworders of magnitudemaller than in HF, especially for the hole-
doped case; the magnitude of the magnetic moments and amplitude of spatial variations in
electron density are also much weaker in the slave-boson case. A band theory method such
as HF will lower total energy primarily by reducing the repulsive interaction energy via
symmetry breaking (e.g., by forming static local magnetic momentstwith & hnjxi);

the strength of this tendency is controlled directly by the interaction paratdetkr the
single-site slave-boson approach, the many-body solution for each site explicitly describes
the empty, singly, and doubly occupied con gurations, so the interaction energy can be
lowered by reducing the contribution of the doubly occupied states without any symme-
try breaking. Hence, the weak residual static symmetry breaking is driven by the system
trying to take advantage of weaker inter-site interactions (e.g., superexchange).

If one enlarges the size of the interacting cluster being treated, the driving force for
static symmetry breaking will further weaken, and this is what we nd. When we enlarge
our interacting problem to involve two neighboring sites and use our cluster slave-boson
approach [34], we nd that energy minimization of the ground states leads to a solution
with no static symmetry breaking. Here, we take the DFT-calculated 244-ater@:25
unit cell electronic structure and perform Wannierization to build the Hubbard model.
Therefore, each interacting slave cluster is solved in its own unique local supermodulation
crystalline environment as dictated by the extragcon-site energies and hoppings.

Figs. 4.10(a) and (c) show that the total ground state energy increases when either a static
AFM or stripe pattern of magnetic moments is imposed: the lowest energy solution shows
no static symmetry-breakin®(= 0). However, as shown in Fig. 4.10(b), there are strong
AFM correlations between neighboring sites as one expects from the physics of super-
exchange. In brief, energetically favored spin-spin correlations are fully dynamic at this
doping level. We refer to this solution as a paramagnetic state (PM).

The spatial homogeneity of the minimum energy many-body solution means that when
computing the Fermi surface, the appropriate spinon HamiltafiiatEq. 4.3) has3; =
0 and renormalization factonhéiy (51- i s that are essentially constant throughout the unit

cell (they vary by less than 10% among the various slave clugtedsie to the crystal
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Figure 4.10: Cluster slave-boson results for hole-doped 2D Hubbard model derived from
Wannierzation of the 244-atom unit cell. (a) The total energy as a function of the auxiliary
eld strengthB applied in staggered static AFM pattern. The local interactioof the
Hubbard model is varied from 0 to 4 eV. (b) Nearest neighbor spin correlations of the
PM ground state fot) = 3:1 eV: AFM correlation is de ned a$il;- Nz + Nz

while FM correlation is de ned abi;- N« + KixK 4i s (both are averaged over all nearest
neighbor pair of site§ ). (c) The total energies of static AFM and stripe phases as a
function of the magnitude of the auxilia® eld for U = 3:1 eV. The static AFM state

is induced by applying a staggerBdfor all sites. The stripe state is induced by applying

B to the strong local moment sites along their corresponding spin directions as shown in
Fig. 4.5(b) (marked by large black arrows); the auxiliary elds at the weak local moment
sites are optimized to minimize the total energy at each data point.

100



	Introduction
	Methods
	Density Functional Theory
	Wannier Functions
	Wannierized Tight-Binding Model
	Unfolded Band Structure
	Exchange Interactions

	Density Matrix Renormalization Group
	Slave-particle theory

	Cluster Slave-Particle Theory
	Introduction
	The Slave-Bond Representation
	Slave-Particle Decomposition
	Cluster Approximation
	Tests on the Hubbard Dimer
	Tests on d-p Models
	Four-Site 1D Model
	System-Size Dependence in 1D
	Doped 1D Chains
	2D d-p Systems

	Conclusion
	Appendices
	Mapping and Commutation Relations
	Two-Site Hubbard Model
	Formalism for c-gauge
	Redundancy of Single-Site Density Matrix Constraints
	Tests on Single-Band Hubbard Models
	Finite-Temperature Error
	Workflow


	Structural Distortions in Cuprates and their Impact on Electronic Structure
	Introduction
	Undoped System
	Oxygen-Doped System
	Crystal Structure
	Magnetic and Charge Ordering
	ARPES Spectra and Shadow Bands

	Modulation of Correlation Strength
	Conclusion
	Computational Details
	Appendices
	Three-Band versus One-Band Model
	Stripe Order States and their Energies in Hole-Doped System
	Convergence of the Calculations
	Stable or Meta-stable Crystals and their Energies
	Necessity of U Functional
	Functional Comparisons
	Wannierization
	Uniform Magnetic States and their Energies in Hole-Doped System
	DFT Orbitals vs Wannier Orbitals
	Summary of Technical Details


	Interlayer Couplings in Cuprates: Structural Origins, Analytical Forms, and Structural Estimators
	Introduction
	Band splittings
	Identifying Microscopic Mechanisms
	Hoppings and crystal structure
	Estimating effective interlayer coupling
	Theoretical Foundations
	Perturbation coefficients

	Predicted EIC throughout k-space
	Transferability
	Conclusions
	Appendices
	Computational details
	Choice of exchange-correlation functionals
	Effects of long-range in-plane hoppings
	Minor mechanisms
	In-plane hoppings with low variability
	Estimation formulae
	Errors from Approximations


	Rapid Suppression of Tc and Interlayer Coupling by Pr dopant in YBCO7
	Introduction
	Pr Substitution Sites and Structural Analysis
	Electronic Structure from ARPES
	Electronic structures from DFT calculations
	Pr f-orbitals
	Impact of Ba-Site vs Y-Site Pr Substitution

	Conclusion
	Method
	Sample preparation
	ARPES measurement
	First Principles Calculations

	Appendices
	Tight Binding Model Fitting
	DFT Calculation Details


	Unconventional Superconductivity Induced by Rare-Earth Substitution in Infinite-Layer Nickelates
	Introduction
	Magnetic-field-enhanced superconductivity and Pauli limit violation
	Evidence for Strong Coupling from Superconducting Gap Measurements
	Conclusions
	Methods
	Thin film growth and characterization
	Transport measurement at high magnetic fields
	X-Ray Diffraction
	Fourier-Transform Infrared Spectroscopy
	DFT calculations

	Appendix

	Summaries and Outlooks
	Slave-Particle Method
	Structural Distortions in Cuprates
	Interlayer Couplings in Cuprates
	Pr-Doped YBCO7
	Rare-Earth Elements Doped Infinite-Layer Nickelates

	Bibliography

