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The 21st century has seen enormous growth in the study of two-dimensional (2D) materials, be-
ginning with the isolation of graphene but rapidly expanding to include a wide variety of other
compounds. Due to their size, 2D materials have immediate appeal for applications in nanoscale
electronics. At the same time, uniquely low-dimensional phenomena such as the quantum spin Hall
effect, quantum confinement, and 2D superconductivity are of interest to basic physics researchers.
This dissertation presents ab initio investigations of three 2D materials. First, we discuss the binding
of stanene on various substrates. Stanene, the buckled monolayer form of tin, is predicted to be
a 2D topological insulator with symmetry-protected helical edge states. We investigate the effects
of strain, chemical functionalization, and substrate—overlayer interactions on the topological band
structure of stanene, showing that Al,O3 is an ideal substrate for synthesizing a potential quantum
spin Hall insulator. Next, we examine the polymorphic structure of borophene sheets, the monolayer
form of boron. We report on research that revealed the complex atomic structure of borophene on
the Cu(111) and Cu(100) surfaces, including the crucial role played by simulated scanning tunneling
microscopy (STM) data. We discuss the effect of modulation by the substrate on the occurrence of
Dirac cones in the borophene band structure. Finally, we discuss the potential for Mg, TiO4 films to
host long-lived, strongly bound interlayer excitons. At the DFT level, we obtain the band structure
of Mg;TiOy4 films grown on MgO and show how the polar films have a band offset favorable for
interlayer exciton formation. Motivated by this work, we present GW and GW-BSE calculations of
quasiparticle energies, exciton binding energies, and optical absorption spectra. These calculations
more clearly characterize the suite of excitons that exist in Mg, TiO4 and shed light on the impor-
tance of film thickness in controlling their relative binding energies. The materials studied in this
dissertation are diverse in chemical identity and properties, but are unified by their 2D structure and

the crucial role played by their growth substrates, which are discussed throughout.
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Chapter 1

Introduction

In 2004, Andre Geim and Konstantin Novoselov showed that graphene, the two-dimensional
(2D) hexagonal form of carbon, could be prepared by using tape to repeatedly peel layers
o of a sample of graphite [1]. Though graphite had long been known to have a layered
structure, the isolated graphene monolayer had previously been presumed to be unstable.
Geim and Novoselov demonstrated that this was not the case, sparking a urry of interest
in graphene that soon spread to the study of other 2D materials. Today, well-characterized
2D materials include not only graphene (a semimetal) but also hexagonal boron nitride (a
wide-gap insulator), MoS(a semiconductor), and other transition metal dichalcogenides
(TMDs). 2D materials can be studied on their own, or they can be stacked into loosely-
bound van der Waals heterostructures ; the latter have been proposed as a way of realizing
exotic types of eld-e ect transistors, optoelectronic devices, and other futuristic consumer
electronics [2].

Equally important to modern physics is the tremendous growth in the development of
rst-principles (ab initio) computational tools, whose use is now ubiquitous. The most

widespread of these tools is density functional theory (DFT). The foundations of DFT



were laid in the 1960s [3, 4], but its surge in popularity came with the broad availability of
powerful computers. In 2014, more than 16,000 papers were published about DFT, a number
that has only continued to grow [5Ab initio calculations are used by researchers ranging
from chemical spectroscopists to theoretical physicists engaged in materials discovery. Of
particular relevance to this dissertation is their use by experimental physicists and their
collaborators; in this contexgb initio calculations can help guide, interpret, and con rm

e orts at materials synthesis and characterization.

In this dissertation, we present and analgteinitio calculations of three materials:
stanene, borophene, and a thin Im of MigO,4. These materials exemplify both of the
trends mentioned above: in addition to being two-dimensional, each one is believed to
exhibit exciting new physics that was initially predicted from rst principles [6, 7, 8].
Furthermore, the properties of each of these materials are shaped by the substrate on which
it is grown. Substrates are crucial to accurately describing 2D materials: they can strain a
material by enforcing an epitaxial lattice match, saturate its orbitals by forming chemical
bonds, dope it by donating electrons, or modify its electronic properties by screening electric
elds. As a third throughline in our research, we aim to clearly identify and explicate these
substrate e ects wherever they impact properties of interest.

Throughout this work, we have attempted to be methodologically exible, learning
and using whatever theoretical methods are appropriate for the task at hand. Our various
projects have used overlapping but distinct sets of tools fabnmnitio theory, including
Wannier functions, hybrid functionals, and the method for self-energy calculations.

The collected suite of methods we use is outlined in some detail in Chapter 2, with cross-
references to the relevant research chapters where each method makes an appearance.

In Chapters 3 and 4, we discuss work on stanene, a buckled hexagonal monolayer of



elemental tin. Stanene is predicted to be a gapped 2D topological insulator (also known
as a quantum spin Hall insulator), hosting topologically protected edge states even at room
temperature [6]. However, its properties are highly sensitive to the choice of substrate. In
Chapter 3, we present theoretical calculations of the binding of stanene to the (0001) crystal
surface of alumina (AlO3), a wide-gap insulator with a good lattice match. We carefully
investigate the e ects of strain and dispersion forces, including the delicate interplay between
strain and functionalization of the stanene monolayer. We argue th@zAdresents a
promising substrate for synthesizing gapped, topologically nontrivial stanene, and brie y
discuss implications for device applications. In Chapter 4, we report on a collaboration with
experimentalists who grew tin Ims on Bles. Bi,Tes is itself a 3D topological insulator.

Our primary contribution to this work was a theoretical investigation of the chemical Sn

Bi Te phase diagram, showing that Sn Ims on-Bies can be expected to spontaneously
decompose into Ims of SnTe and elemental Bi.

In Chapters 5 and 6, we move left along the periodic table to borophene, the monolayer
form of boron. To a physicistborophene is, depending on one's perspective, eitheradream or
a nightmare. Boron sheets are expected to host a veritable zoo of exotic physical behavior,
including high) » superconductivity [7], massless Dirac fermions [9], and Dirac nodal
lines [10]. However, boron's electron de ciency makes borophene highly polymorphic
[11, 12, 13], with a large variety of nearly degenerate possible structures. It is therefore
not surprising that the borophene ground state is sensitive to the choice of substrate; this
sensitivity is a major challenge for borophene synthesis and characterization [14, 15]. These
chapters re ect an extended collaboration with experimentalists who grew borophene on
the (111) and (100) surfaces of copper (Chapters 5 and 6, respectively). In each chapter,

we discuss a cross-correlation of experimental di raction and STM data with theoretical



structural relaxations and STM simulations to resolve the borophene structure on an atomic
scale. We quantify the e ect of the substrate on the borophene sheet, both by doping the
Fermilevel and by inducing periodic modulations of the atomic structure and band energies.

In Chapters 7 and 8, we discuss a third collaboration with experimentalists, this one
concerning excitons in transition metal oxide Ims. An exciton is a bound state formed
from an optically excited electron and the hole it leaves behind in the valence band; stable,
long-lived excitons have potential applications in quantum computing. From a structural
perspective, this project represents a graduation from 2D materalai{omic monolayers)
to quasi-2D materials with meaningful physical extent in thelirection. Methodolog-
ically, Chapter 8 also requires a step up in complexity, supplementing the ground state
methods of DFT with many-body techniques that can handle various kinds of excited quasi-
particles. In Chapter 7, we show how a polar M@, Im, grown on MgO(001) via
widely-used fabrication techniques, has an ideal band alignment for the production of long-
lived interlayer excitons. In Chapter 8, we extend this research with an analysis of how
this material's properties vary with thickness and a quantitative treatment of its electronic
excitations and optical absorption spectrum. This project is ongoing, and we conclude by
discussing both its current status and our future research plans.

In Chapter 9, we brie y recap the dissertation and present a research outlook for each

topic covered.



Chapter 2

Methods

This chapter introduces the computational methods used throughout the rest of the disser-
tation. Its contents are intended to be instructive for non-experts, especially the detailed
discussion of scalingthe method to large systems in Section 2.2.6. Most of the tools we
discuss are fairly well-established, but we highlight modi cations we have made to existing

techniques and software where appropriate.

2.1 Density functional theory (DFT): Ground-state prop-

erties

The main workhorse of electronic structure calculations is density functional theory (DFT),
a simple and widely-used tool for computing ground-state properties of materials. DFT is
motivated by the task of solving the Schrddinger equation of aglectron system in the

Born Oppenheimer approximation, which takes the form

Hreg®=>) , +as, +ada freg®= o 'frgg® (2.1)



Here,) is the kinetic energy operataf,4is the Coulombic electron electron potentialg
is the Coulombic potential due to the material's positively charged ionic cores,@sdhe

ground-state energy. In atomic units<( 1, j4j = 1, <4 = 1), the operators take the form

10 10 @
) = 5 ' Ba=5 4=  Erg- (2.2)
o: Ile T2 o1

whereEr? is the ionic potential energy felt by a single electron:

o
jr Rj

ELro = (2.3)

for ions with charge$ at positionsR . The many-body wavefunctionifrgg®is an anti-
symmetric function o# continuous position variables. The dimension of the Hilbert space
in which it lives grows exponentially with the number of electrons, so explicitly solving
Equation 2.1 rapidly becomes intractable for even modestly-sized systems.

Fortunately, many properties of a system's ground state can be extracted from an al-
ternative formulation of the same problem that demands much less information to solve.
Following Hohenberg and Kohn [3], we write the ground-state energy as the expectation

value of the Hamiltonian in the ground state:

0=h ), taa, tad 1=h ), +4q i,  3Ir=U°ET- (2.4)

where=r? is the ground-state electron density, given by

1

S0=#  3rp  3rgj r—po—eeer0je (2.5)



Equation 2.4 is a useful decomposition of the problem because the rst term on the right-
hand side depends only on the electronic wavefunction (not the ionic potential or any external
perturbations), while the second term is expressed in terms of the total electron density, a
much less complex beast than the many-body wavefunction. In fact, the calculation of any
ground-state property of &h-electron system, including its total energy, can be formulated
as a variational problem in the electron density. This insight is the basis for DFT.

The transition to DFT is usually framed in terms of the tdohenberg Kohn theorems
The rst theorem states that, given a xed number of electrénsand assuming that the

ground state is non-degenerate [16],

[H K 1] There is a one-to-one correspondence between the ground-state elec-

tron density=r° and the external potenti&r®.

One direction of the proofis trivial: given a potenti&l°, we can construct the Hamiltonian

in Equation 2.1, solve for *frgg® and calculate the electron density from Equation 2.5. The
other direction is a straightforward proof by contradiction presented in [3]: one imagines
two potentials that yield the same density and shows via the variational principle that they
must be identical everywhere. The rst Hohenberg Kohn theorem dramatically simpli es
the problem of solving Equation 2.1. It allows us to de ne a functigngb=Y%that gives the
ground-statevavefunctiorof a system with ground-state electron densitsP e ectively

inverting Equation 2.5. We can go further and speak of an energy functional

Ex= B |h =2 {Z+44j 0»=1§4i, 3r =1ro Bro- (2.6)

P

where »=¥is a universal functional that is the same for#aHelectron systems. Note that



=1r° andEr° do not necessarily correspond to one another, but if tleeyhen we see by
comparison to Equation 2.4 thabs=; E/gives the ground-state energy of the system. The

second Hohenberg Kohn theorem strengthens that relation:

[H K 2] For a given potentialEr°, the functionalk »=; E/is minimized at the
corresponding ground-state electron density, and its value is the ground-state

energy.

This proof, too, follows immediately from the variational principle [3].

The next step was made by Kohn and Sham [4], who further simpli ed the problem
by mapping a system of interacting electrons onto an equivalent system of non-interacting
electrons with the same density. The rst Hohenberg Kohn theorem applies equally well
to non-interacting particles.¢., those witht44 = 0), so we can de ne a functional
@)

Mk gjr 5K oi — (2.7)
9

NI

Yks=YE h ks»jj] ks»=ai=

where] ks»=Y4is a Slater determinant of non-interacting electrons that has electron density
=1r° andjk g are orthonormal single-partickohn Sham orbitalghat make up ks»>=Y%ai
In terms of the Kohn Sham orbitals, the electron density is

0

=1r0= jkgtroj?e (2.8)
9

We write the universal functional >=%0f the interacting system in terms of th@on-

interactingkinetic energy term:

Ve Y ks Vo +H, x5 % (2.9)



where+ty is the Hartree energy,

1 ~ 1

=1po=1® _ 1_ ar 3r0jk 91r0j2jk: 1r(bj2
2 o '

3r 3r0—
ror i r‘i

jr 19

FH ==

(2.10)

NI =

and y.>»>=%is theexchange correlation functionalBy de nition, the exchange correlation
functional captures all terms not included )iRs or +y, including a correction to the
kinetic energy for interacting electrons, the Fock exchange term for identical particles, and
correlation e ects arising from the non-independent nature of the electron distribution.
(For example, the fact that the electron pair den8tty—+®, the probability density of
nding two electrons atr andr® is not simply the independent produetro=tr® js a
correlation e ect.) With these de nitions, we can write everything in Equation 2.6 in terms

of the Kohn Sham orbitals:

1 1

: C ' i2] ®j2

. ir 9
M . 2.11)

O
3rjk o Ere,  xoth

E>»= BE/F

NI =
NI =

9

To minimize this functional, we apply a variational method with respect to small changes
Xkg andXkgq in the orbitals and their complex conjugates. Seti&g= 0 and solving for

the coe cients of the variational parameters yields tehn Sham equations

r? =1y ®
- . Bro, 3r°m . Exclr® kolr® = ng gtro— (2.12)
where
X =Y.
Eclro X);:;_: 4 (2.13)



is a functional derivative of yc»=known as thexchange correlation potentialFormally,

the ng are a set of Lagrange multipliers that enforce orthonormality of the Kohn Sham
orbitals, but they are interpreted as single-particle energy levels due to the Schrédinger-
like form of Equation 2.12. The total ground-state energy is given exactly in terms of

Kohn Sham quantities by [16]

(ND 6 ! =1r0 :1r(b !
o= "™ FATETE L e FECESC- (219
9 9:

NI =

where the sums range over thdowest-energy Kohn Sham orbitals.

Since the Kohn Sham orbitals appear implicitly in the bracketed term on the left-hand
side of Equation 2.12, the system of equatiorsei§-consistentlt cannot generally be solved
in one shot; rather, an initial guess for the orbitals is made, the density and exchange
correlation potential are calculated from that guess, and the Kohn Sham equations are
solved to yield an improved set of orbitals. This procedure is iterated until it converges to
within some numerical tolerance. Various schemes exist for optimizing the stability and
convergence of this calculation.

By calculating more thas# orthonormal solutions to Equation 2.12, one can obtain
single-particle orbitals and energies foroccupiedstates of the system. Or, in a periodic
crystal, one could calculate states at a particular poiktspace by specifying Kohn Sham
orbitals that are Bloch functions, withglr | R® = 4& Rk giro for any lattice vectoR.
However, it is important to note that thmg are not energy levels of the interacting system
in any rigorous sense. Treating them as such typically yields a reasonable description
of band dispersion, but band gaps of semiconductors and insulators are systematically

underestimated. Various methods for handling this issue exist, some of which we describe
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later in this chapter.

2.1.1 Exchange correlation functionals

In order to solve Equation 2.12, we need to calculate the exchange correlation functional
xc>=¥a This functional can be written down exactly for simple systems like a uniform
gas of electrons, but in general it is unknown. Various practical approximations have

been developed. In this section, we brie y describe three of them:ldb& density
approximation thegeneralized gradient approximatipand thehybrid functional

The local density approximation (LDA) is derived by assuming that the electron density
=1r° varies slowly in space. In that case, any small region of sBacesembles a uniform

electron gas of density'r°, so we can estimate that

xe Ve DAty 3r=troYDAL=1poo_ (2.15)

whereY,PA1=0 is the exact exchange correlation energy per electron of a uniform gas of

interacting electrons with density The exchange correlation potential is given by

X [Pt
XZro

DA
Y)&(I:DAlzlroo , =tro BYQC—IZO . (2.16)

3: ===1y0

E(Clro

This expression simpli es Equation 2.14, with a cancellation between the two exchange

correlation terms reducing them to one:

~ 1

0 =1p0 =1y ® 3Y.DA1=0
3r 3r0 .r r 3r :21r0 Zx L] (217)
Jr roj 3= ===1y0
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YDA 1=0 has been carefully tabulated [17] and parametrized [18]. The LDA is widely used
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in DFT calculations of materials with weak electron correlation. In this dissertation, we use
the Perdew Zunger exchange correlation functional for the borophene-on-Cu calculations
in Chapters 5 and 6.

In systems with stronger electron correlation (e3thand solids) or rapidly-varying
electron density (e.g., molecules), the assumptions of the LDA fail. In this case, it is
intuitive to build a model that depends on not only the local density, but also derivatives of

the density. Exchange correlation functionals of the form

1

x> == 3r=1r° YﬁcGAlzlro_r =1roe (2.18)

are calledgeneralized gradient approximatiof&GAs). There is no universal choice for
YSGA: in solid-state physics, widely-used GGAs include the PW91 functional by Perdew
and Wang [19] and the PBE functional by Perdew, Burke, and Ernzerhof [20]. GGAs
generally yield more accurate values for cohesive and binding energies than the LDA. In
this dissertation, we use the PBE GGA in Chapters 3, 4, 7, and 8.

The LDA and GGA are, respectivelypcal and semilocal at a particular point in
space they depend on physical properties at that point and (in the case of the GGA) its
immediate surroundings. Electron electron interactions are not necessarily local, though,
a fact that often contributes to errors when calculating band gaps, bond lengths, vibrational
frequencies, and other properties with local functionals. To tackle this problem, Becke [21]
proposed replacing some fraction of the exchange correlation functional with the exchange

energy term 4 used in Hartree Fock theory:

o' kgtrok, ir®k. 1rok gtr®
3r 3r° - . . (2.19)
9: jI’ I’Oj

<
|
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The resulting functional is called laybrid functional Widely used hybrid functionals

in solid-state physics include the PBEO functional of Perdew, Burke, and Erznerhof, who
argued for replacing exactly 1/4 of their PBE functional's exchange term with exact exchange
[22]:

1
PBEO_  PBE 7 PBE _ (2.20)

where FBEis the portion of the PBE functional that describes exchange. This functional

accurately calculates chemical properties of interest, often obtaining band gaps in better
agreement with experiment than LDA or GGA. However, since the exact exchange cannot
be expressed purely in terms of electron density, hybrid calculations are often expensive.
Heyd, Scuseria, and Ernzerhof (HSE) introduced a less costly version of the PBEO functional
that uses a screened Coulomb potential, expediting convergence of the calculation without
sacri cing accuracy [23]. Inthis dissertation, we use a revised version of the HSE functional

[24] in Chapters 3 and 7.

2.1.2 Wannier functions

In a periodic crystal, the Kohn Sham equations generate Bloch wavefunckiagis®

that are wave-like and thus delocalized within a material. Bloch functions are useful for
many purposes, since they share the periodicity of the crystal lattice and they diagonalize
the Hamiltonian. However, they are often poorly suited for describing intrinsically local
processes like chemical bonding, polarization, and magnetism. Wannier functions, rst
described in 1937 [25], repackage the information of Bloch functions in a localized form,
with the statek - for a band= being replaced by a set of Wannier functions, one per unit

cell. Like atomic orbitals, to which they often bear a qualitative resemblance, Wannier
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functions can be used as basis functions for tight-binding models. However, unlike atomic
orbitals, Wannier functions are orthonormal, they preserve the crystal symmetries of their
material, and they can be used to exactly reconstruct the DFT bands from which they are
built.
The simplest case to consider is that of a single isolated bamte textbook de nition
of a set of Wannier functiongR=i, whereR is a real-space lattice vector, is in terms of a
Fourier transform of the band's Bloch functions:
jR=i = p1:0 4 &Rk _i— (2.21)
# ok
where# is the number of points in thie-mesh being used to cover the Brillouin zone.
Wannier functions are orthonormaR=jR%i = Xzro), and they form a complete basis for
the same subspace spanned by the band's Bloch functions:
0 0

% jkihk=j=  jR=ihR=js (2.22)
k R

Most importantly, they are translations of one another in real space:
, Rr° hrjR=i =hr RjO=I =, or R°- (2.23)

wherejri is a Xfunction state that we use here to obtain the wavefunction of a ket. This
fact can be shown easily using Equation 2.21 and the periodicity of Bloch functions, which
satisfykcir  R° = 4 ¥Rk 110 if R is a lattice vector. Even in the single-band case,
Wannier functions are not unique. This fact comes from the gauge freedom that we have

to assign an arbitrary phase to each Bloch functikgiro | 48="Kk 1o, for i -1k
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periodic ink-space. Altering the phase convention alters the Wannier functions; generally,
to obtain highly localized Wannier functions, one should choose a smoothly-varying phase
convention [26].

The above gauge freedom is actually just a special case of the gauge freedom that arises
for a set of multiple bands. Consider a set dbands that are separated in energy from
higher or lower bands, but may have band crossings or degeneracies among themselves.
The subspace spanned by these bands is also spanned by any set (stiatksned by

0

oo = * Ejkeki- (2.24)

<=1

where Xisa family of unitary matrices, one for eakhthat is periodic in reciprocal space.
In generajk—i are not eigenstates of the Hamiltonian, though one could imagine nontrivial
unitary transformations among states, e.g., in the presence of degeneracies. Nevertheless,
they can still be used to de ne a set of Wannier functions for the whole manifold:

0

jR=i = ﬁ% 4 &Rjk—i = p1:

4 &Re K ie (2.25)
k # k <=1

Indeed, the best-localized Wannier functions often involve nontrivial mixing of a system's
Bloch functions.

The ambiguities that arise in de ning Wannier functions likely contributed to their
relative disuse for several decades after their initial discovery [26]. However, researchers
in the 1990s made major advances in selecting well-chosen Wannier functions, culminating
in Marzari and Vanderbilt's 1997 proposal of the maximally localized Wannier function

(MLWF) scheme [27]. The MLWF procedure is based on minimizirgpeead functional
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, de ned as

= H=j&j0=i h O=jrjo=i? = - r2 — (2.26)

which intuitively captures the spatial extent of each Wannier function about its charge center.

It is common to decompose the spread functional into two terms: |, ~, where
o o #
| = ro=j&jo=i jlRR<jrjo=ij? — (2.27)
~: ~ R<
O O
= jHR<jrjo=ij2e (2.28)
= R<<0=

Both terms are individually positive de nite, but, is also gauge invariant for a given set of
bands. Marzari and Vanderbilt de ned a straightforward iterative procedure to select the set
of transformation$ -< that minimize ~; the Wannier functions obtained from such a gauge
choice are deemedaximally localized The only ingredients needed for the minimization
scheme are a set of Bloch functions and an set of overlap mat’rié'i?%0 = Dk jDx i,
whereDy r® = 4 'k _, 1r° js the cell-periodic part of .

The discovery of MLWFs has greatly expanded the uses of Wannier functions. Soluyanov
and Vanderbilt [28] proposed a method that uses hybrid functions, which are Wannier-
ized along one dimension but not others, to computé phtepological invariant of systems
without inversion symmetry. Their approach works by tracking how the Wannier charge
centers - = 0=jrjO=i evolve as a function of wave vectlrin a non-Wannierized direc-
tion. It is conceptually related to the Berry-phase-based modern theory of polarization
developed by King-Smith and Vanderbilt [29, 30] and based on earlier work by Resta [31].

Wannier functions can also be used to a ordably interpolate band structures when a full

16



DFT calculation at each point along tikepath is infeasible. Briey, a set of Wannier
functionsjR=i is constructed from a DFT calculation on a cogtsgrid. The Hamiltonian
matrix elements$0=j "jR<i in this basis are computed, and taken to be the hopping and
on-site terms of a tight-binding model. The bands of this tight-binding model can then be
calculated at an arbitrary poiktby de ning a new Bloch Hamiltonian

o= 4¥Rros NjR<i (2.29)
R

and diagonalizing it. E ectively, we have performed a double Fourier transform from the
Bloch basis to the Wannier basis and back again; mathematically, this is often referred to as
Fourier interpolation. The procedure depends on the smoothness of the Hamiltonian in
k space, which directly stems from to the localitg( short-ranged nature) of the Wannier
functions and matrix elementg=j "jR<i.

The desire to calculate band structures for complex materials motivates the nal Wannier-
function topic we will discuss, that afisentanglingpands. Often, we want to build a model
for a subset of bands in an entangled manifold; for example, we might want to isolate
the ?,-like orbitals from monolayer graphene or borophene, or the surface states of a slab
material. The relevant bands may mix with or cross over irrelevant bands that we want to
exclude. To build suitable Wannier functions for this purpose, we need a prescription to
choose which bands are relevant at elgtoint. Souza et al. [32] addressed this issue by
noting that, while™ captures the smoothness of individual Wannier functiongaptures
the smoothness of the Hilbert space in which those functions live, considered as a function
of k. Given a set of g Bloch states at eadtypoint, they de ned an iterative procedure

to select the -dimensional subspace at edchthat minimizes |. Often, the search is
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further constrained by de ning a frozen energy window in which all bands are necessarily
retained; this can help to de ne the character of the desired bands so that they can be readily
selected outside of the frozen window.

This dissertation uses maximally localized Wannier functions constructed using the
Wannier90 package [33]. In Chapter 3, we use these functions and the WannierTools
package [34] to compute topological invariants of materials without inversion symmetry
using the method of Soluyanov and Vanderbilt [28]. In Chapter 6, we use tight-binding

models built from Wannier functions to unfold electronic band structures (see Section 2.1.4).

2.1.3 Scanning tunneling microscopy (STM)

Scanning tunneling microscopy (STM) is a commonly used technique for high-resolution
real-space imaging of atomically structured surfaces. First developed in 1981 at IBM [35],
the STM technique led its developers, Gerd Binnig and Heinrich Rohrer, to share a portion
of the 1986 Nobel Prize in Physics. Since then, STM has been used to image a wide variety
of metals, insulators, and molecules, even being used to manipulate individual xenon atoms
on a nickel surface to spell out IBM [36].

The active element of a scanning tunneling microscope is an atomically sharp conducting
metal tip, which is brought into near contact with a surface of interest and held at a speci ed
bias voltage. When the tip is su ciently close to the surface, electrons quantum tunnel
between surface and tip, producing an electric current that is measured by the microscope.
The tip scans laterally over the surface, being held either at a constant height or at a constant
tunneling current. The latter mode is implemented by a piezoelectric feedback mechanism
that moves the tip towards the surface when the tunneling current is lower than the desired

set point, and farther from the surface when the opposite is true. In this way, a high-
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resolution topographic image of the surface is produced. By adjusting the bias voltage,
di erentnear- states can be imaged, producing information about the system's electronic
structure as well.

Terso and Hamann introduced a simple widely-used approach to theoretical STM
calculations in the mid-1980s, shortly after the development of the STM technique itself
[37, 38]. They built on earlier work by Bardeen [39], who showed generally that the

tunneling current can be expressed in terms of the tunneling matrix elerhegtby

2046
\ .

—a

5L Oy Bl 5. 449Uf" LPX . o (2.30)

where 5t © is the Fermi function# is the bias voltage (the voltage of the surface with
respect to the tip), and- and , are the energies of the tip and surface states, respectively.
Bardeen further showed that the tunneling matrix element can be computed in terms of the

initial and nal wavefunctionk-, k; as

"a=— 3@ kirka kark. - (2.31)

where the integral is taken over a surface within the vacuum separating the initial and nal
regions.

Terso and Hamann made two crucial simplifying assumptions: rst, that the wave-
functions for electrons in the metal tip are spherically symmetric with respect to the center
of the tip (.e., they areBtype states), and second, that the work functions of the surface

and the tip are identicalgsyrface= Jtip . Under these assumptions, they expressed the
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tip wavefunctionk - and surface wavefunctioks, as

K-1ro= ———exp» Njr  roj¥% 2.32
(1:.2/\” ol p» 7 o) 7/+ ( )
1 0 h |

kalro = — 1.2 Ogexp " jky, Gj®2 exp 8k, G° x — (2.33)
B G

whererg is the tip's center of curvaturé, is its radius of curvaturég are the expansion

coe cients of k 5 in a plane-wave basis with reciprocal lattice vec@tsaand” = pﬂ-\

is a decay constant set by the vacuum work function. In the low-temperature limit, the Fermi
functions in Equation 2.30 can be replaced by step functions, and the requisite integrals

carried out to obtain

1
341 2.2 4+ O
- 32(: e 3n ¢ . jkalre?PX 4t 4+, - (2.34)
0
12 {z }

dtro; 4+ o

where Jn°is the tip density of states. The local behavior is captured by the underbraced
expression, which is treurfacdocal density of states evaluated attipecenter of curvature,
d*ro—A. This quantity can be easily calculated framminitio calculations, readily allowing

for accurate simulation of STM experiments. If the bias voltage is su ciently small that
each system's density of states is roughly constant over the relevant range, then the integral
in Equation 2.34 can carried out to obtain

_32¢34%+ ' 2¢2
- \ N

& odirg— O (2.35)

Terso and Hamann used their crudiavave approximation for the tip wavefunctions

partly because the physical nature of the STM tip was not well understood in the early
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1980s. Subsequent research revealed that these assumptions may have been ill-founded; in
particular,?- and3-type states play a major role in the near4ip states [40, 41]. Chen [40]
revisited the problem of STM calculations using a more general Green's function approach.
Chen's results replicate the Terso Hamann result in the case damve tip, but nd that

< O states contribute terms to the tunneling matrix element that depeddroativesof

surface wavefunctions:

"Bl kalrg®— "ogl —— — & G—H-le (2.36)
8

Thus, the tunneling current contains terms proportional to the squares of derivatives of
surface states, as well as the surface LDOS term of Equation 2.35. Subsequent researchers
have noted that these terms are especially important when the STMftipasonalized
by adding a single molecule with ndiwave tunneling orbitals [42]. For example, in
experiments with a CO-functionalized tip in a vertical con guration, 2ge orbitals open
a tunneling channel described by a rotationally-invariant combinatictzoand ?rwave
states [41]: "

@) mk, 2 mk, 2

mG ° mH a
ro

#
0 (2.37)

2, 7/
a

In this dissertation, STM calculations were carried out using Quagispnessds post-
processing executabf@.x , which calculates th&wave STM current from the Terso
Hamann formula. We modi ed the code to also calculatevave STM currents and the

rotationally-invariant?g, ?ycurrent described above.
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Figure 2.1: Demonstration of band folding for a simple two-dimensional crystal. For the
4 4 (red) and16 16 (blue) supercells of the black primitive cell depicted(a), the

rst Brillouin zone is reduced to the sizes shown(ln). (c) Band structure of a one-band
tight-binding model in the primitive cellid,e) The band structure froifc), folded into the

rst Brillouin zone of the supercells. Pangls-e)are adapted from [43].

2.1.4 Band unfolding

One powerful application of density functional theory is to compute a material's electronic
band structure, which encodes information that is useful for analyzing transport, optical,
and scattering properties. This can be done easily using the Kohn Sham equations, which
describe the one-particle energy levels at any arbitkgppint in the Brillouin zone. For a
crystalline material with a small unit cell and perfect periodicity, this procedure is concep-
tually simple and quite tractable. Often, though, one wants to study the e ects of localized
defects or long-period modulations in crystal structure. These structures can be studied by
simulating a large supercell containing many copies of the primitive unit cell, which is
then perturbed to include the imperfection of interest. In such a system, the size of the
Brillouin zone is dramatically reduced, resulting in bands that are folded over themselves
(Figure 2.1). These band structures can be made easier to interpret by unfolding them
back into the larger primitive Brillouin zone.

Various band unfolding schemes exist; in this dissertation, we use and expand on a
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technique described by Ku, Berlijn, and Lee [43], with occasional support from a similar
method proposed shortly afterward by Popescu and Zunger [44]. The procedure of Ku et
al. uses maximally localized Wannier functions [27] to map states from a commensurate
supercell onto a smaller primitive cell. Our extension applies this technique to cases where
the primitive cell supercell relation is not perfectly commensurate and examines the ways
in which the band unfolding procedure is still meaningful.

Properly speaking, the quantity calculated by band unfolding is not the band structure
but rather the spectral function, most generally de ned ds° = % Im 1l °, where is
the retarded one-electron Green's function. For a system with well-de ned quasiparticles,
the spectral function is nearly diagonal in momentum energy space and ex}iiitetion
peaks. Forexample, the spectral function for a crystalline system of non-interacting fermions
in reciprocal space is )

O

k—19= X o |O- (2.38)
9

where gis the energy of thé&xh band ak. For a given path througk-space, a heat map

of this function on'k—1° axes perfectly overlaps with a plot of the energy bands (perhaps

with some energy broadening applied to make the spectral function easily visible).
Before continuing, we de ne some terminology and notation. Bloch states in the

primitive cell are denotefk 9, wherek is a point in the primitive Brillouin zone (PBZ) and

9is a band index. In the supercell, Bloch states are derjgtedfor a supercell Brillouin

zone (SBZ) pointK. A SBZ pointK is said tounfold intoa PBZ pointk if there is a

supercell reciprocal lattice vect@ such thak = K | G. In the primitive cell (supercell),

we can also introduce a basis of Wannier functipes (jR#1), wherer (R) is a real-space

lattice vector and= (#) is an orbital index. For well-localized Wannier functions and a
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weak perturbation, it is expected that supercell Wannier functions can be approximated by

correctly indexed primitive cell Wannier functions:
jR#i jr=R, rogo_= go| (2.39)

for mapsr®and=Cthat can be constructed by inspection. It is also useful to de ne Fourier-

transformed Wannier functions:

6 e
jk=i = jraihrgjk=i = g jraid& - (2.40)
r v
where; is the number ok-points in the PBZ, and likewise for supercell Wannier functions.
In the primitive cell, we de ne theinfolded spectral function
0
1k—1o= k9K ij?X x | °- (2.41)
9

whereK is the SBZ point that unfolds inti. This function can also be expressed in terms
of Fourier-transformed Wannier functions:
0

1k—10=  jHkSjK ij2Xt k| O (2.42)

A simple calculation detailed in [43] shows that the matrix eleméktgK i can be

expressed purely in terms of Bloch states and Wannier functions suttesrcell

r
=ik i =

o)
4 BTN oo X ga KH# K i— (2.43)
#
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where Xy« = 1 if and only if K unfolds intok. Thus, the unfolded spectral function
can be computed simply by constructing Wannier functions in the supercell and de ning a
coherent mapping between primitive cell and supercell sites.

In the standard picture of band unfolding, the supercelbramensurati the primitive
cell; that is, the primitive cell basis vectoagand supercell basis vectotg are related by

a matrix of integers [44]:

Ay X <12
- R -
:Azz 1< <o <gg2 Z* (2.44)
I ® -
As <31 <32

However, in Chapter 6, we discuss a borophene structure with a domain-wall dislocation
that de nes a supercell for which sorag gare non-integer rational numbers. In this system,
SBZ points can still be unfolded into PBZ points, and supercell Wannier functions sites can
still be mapped to primitive cell sites. In principle, the latter map depends on the choice of
origin and shape for the real-space unit cells, but the di erence is only meaningful in the
vicinity of the domain-wall boundary. More details on the procedure and results for this
calculation are available in Section 6.5.

In this dissertation, band unfolding calculations were performed using a basis of max-
imally localized Wannier functions constructed with the Wannier90 code [33]. The con-

struction of the spectral function itself was carried out by code written in MATLAB.
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2.2 , -BSE method: Electronic excitations and interac-

tions

The DFT-based methods outlined in Section 2.1 describe ground-state properties of interact-
ing electrons in solids. They are much less successful at describing excited-state properties
such as band gaps and optical absorption spectra. Hybrid functionals like those described in
Section 2.1.1 can yield more accurate band gaps, but fundamentally they still only produce
single-particle energy levels. To properly describe quasiparticles, excitons and light matter
interactions, a more elaborate many-body theory is necessary. One such approach, the
method for quasiparticle properties, was developed rst for the electron gas by Hedin [45]
and applied to real materials in a modern form by Hybertsen and Louie [46, 47]. We outline

its basics in this section.

2.2.1 Screening in solids

To describe how electrons in materials interact with both one another and optical probes,
we need a framework for describing electric elds and potentials in solids. For example,
consider the simple case of a uniform (or at least slowly-varying) applied electriEgld
In the presence of this eld, a solid's ions and electrons rearrange to produce a polarization
P that screens.g., reduces) the net electric el within the solid. The relation between
these three vectors &y = E, 4cP. Often, the polarization is linear in the internal electric
eld, so we can writeEgy; = NE. The quantityn is called thedielectric constant

We can think about the same phenomenon in terms of the screening of electric potentials,

rather than elds. Consider adding an electron to an insulating solid at a poititthe
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screening in the solid is isotropic and uniform, then the screened potentiat® at a

pointr®due to the electron will take the form

Eir—®
n

, ir® = - (2.45)

whereElr—® = 1¢jr r9 is the unscreened Coulomb potential. In reality, screening in
materials at the microscopic level is more complicated. Valence electrons are often highly
localized to bonding orbitals, and so they screen potentials in an inhomogeneous manner.
We must consider a nonlocal model that takes into account the variability of the polarization

response at all third point8°

1

, @ = 3r00h 11y ;00 100, (2.46)

The response function here, no longer constant, is often calledigtectric function In
full generality, this expression is di cult to work with, so for crystalline systems it is more
productive to take a Fourier transform and work in reciprocal space. We use the following

conventions:

,rg®= G agogq BA.GRrO (2.47)
qGG°
n o= 489.G°r n(_;%.;olqo‘]- 8q,G®ro_ (2.48)
qGGO
o
Er—4®= Eq, Go4¥a& o (2.49)
qG

whereG andGP are reciprocal lattice vectors amds a wave vector in the rst Brillouin

zone. The Fourier transform of the bare Coulomb potential has the well-known form

27



ElqP = 4c+ @. After Fourier transforming Equation 2.46, we obtain

, 6G0M0° = Ngotd° Elg, Ge (2.50)

It is important to note that ggo'q° andnGé01q° are now matrices, with rows and columns
labeled by reciprocal lattice vectors. When there are nonzero o -diag@al G9 ele-
ments, termedbcal- eld e ects, it will not generally be the case thaééo = lenggo. This
becomes relevant when consider spatially-averagadroscopicquantities, for which the
relevant dielectric function is n@bo'qP but rathempatg®  1e noglq".

Our discussion so far has concerned static perturbations, but when treating light matter
interactions, we are often interested in the response to a harmonically varying eld at
frequencyl . Assuming that time-translation invariance holds, we can treat individual

frequencies separately and write

, 66ot0—1° = nekota—1°Elq, G®e (2.51)

to describe the response to photons of energy\| . We work in\ = 1 units, so we can
use andl interchangeably. Below, we will generally useto emphasize our focus on

electronic band structures and quasiparticle energies.

2.2.2 The Green's function

Information about a system's excitation spectrum is encoded in an object callédgbe's
function The general theory of Green's functions is a rich mathematical topic, and there

are many subtly di erent objects referred to as Green's functions. In Sections 2.2.2 and
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2.2.3, we discuss the time-ordered one-particle Green's function [48]:

% h jKir— kY @jgi  forC i €
8 - QLR = b j) M- Y Ry = !

.§ h#jKYuL@Kr—g#i forC YT
(2.52)

wherej#i is the# -particle ground state, and the eld operakdir— Cremoves an electron
from positionr at timeC This object describes the amplitude for@f; € an electron to
be created at positiorf and time®, propagate tér—€ and be destroyed, or (€ Y Ta
hole to be created at—€and propagate ter . For a time-independent system, we can
Fourier-transform to an energy representation of the Green's functibny®  °. In the
case of a non-interacting system with a local one-particle HamiltoA#®, this object is

the function that producesXafunction response at energy|[49]:
Mpo 140 o=yar Q. (2.53)

In its spectral representatioaor Lehmann representatiothe Green's function also encodes

information about the system's wavefunctidagand energies g[48, 49]:

O Kkgrok, ir®
140 o= KeTokg'T™, (2.54)
8 8

Here, 8indexes an intermediate eigenstate with an added electron or hole, the addition
and removal amplitudes akggtr® = h# jK'iroj# . 1-Bfor an electron state arklglre =

W 1-§iroj#i for a hole state, g= # 1-8 # foranelectron,andg= 4 # 1-8

for a hole. This is an exact formula, but for physically well-de ned quasiparticles with very

long lifetimes, the indeX8 corresponds to the usual band index for real energigsith
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orthornomal one-particle statkg!r®.
For a typical many-body problem of interacting fermions, Equation 2.53 takes the

modi ed form [45, 48]

» ) texdvs r—% o 3r% 140 o 200 o=y O_ (2.55)

where" is amass operatothat couples the Green's function across space. The mass term
can be decomposed into the Hartree potentighnd a remainder called tiself-energyhat

is denoted 1r—% ©:

» ) 4V 4% o 3r% 1r4% o 100 o=y B (2.56)

where+  +ext, +H.
If we denote the Green's function for= 0 by ¢, then in the time domain satis es

a form of the Dyson equation:

11-2°= o120, 3134 11-3° 134° 1420 (2.57)

wherel * r;—¢@, etc. Hedin [45] derived a further set of coupled equations for relevant
physical quantities:

1

11.20=8 3134 11-3°, 1140 13240 (2.58)
1
. m 11-20
12 =31 2X2 P, 3USEP 5 46 175 1673 (2.59)
1 m
, 11-20= E1-20 31340 E1-3°043-4°, 14-20— (2.60)
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where 11-2-3° X 111-20X+13° s the vertex function, 11-2° is the screened
Coulomb potentialn 111-2°  X+11% X+,12° is the inverse dielectric functiork is the

bare Coulomb interaction, ad@1-2° Xd1°X+12°is theirreducible polarizability[47].
Equations 2.57 2.60 can be greatly simpli ed by truncating at rst order in the screened
Coulomb interaction, just as an introductory perturbation theory problem might involve
working to rst order in some bare interaction. This is equivalent to retaining only the rst
term on the right-hand side of Equation 2.59. Plugging that result back into Equation 2.58

yields theGW approximation

11-2°=8 11-2°, 11-20 (2.61)

Transforming back to the energy domain, this can be written

3 04 8%% 140 ® 140 ®_ (2.62)

whereX = 0-. Thisis the form in which the self-energy can be most lucratively manipulated.

2.2.3 The, approximation

The self-energy enters into the eigenvalue equation for quasiparticle energies in the following
form:

N L text, tr¥Ker®, 30 % okgr®= gglroe (2.63)

The self-energy plays an analogous role to the exchange correlation functional in DFT. Its
real part contributes a term to quasiparticle energies, while its imaginary part gives the

guasiparticle lifetime. In this work, we focus on the real part.
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It is fruitful to express the screened Coulomb potentiaih its own spectral represen-

tation [48]:
o Cbloolr—ra"llolr‘roo
’ lr— 0= Elf—r 3 [ 3 e — 264
where
1
lr_ro; 0= E|m » 1r—ro; o Elr—rq’l/sgnl Qe (265)

This decomposition is particularly useful because it enables the real part of the self-energy
to be split into two physically meaningful parts, teereened exchangerm gsx and the
Coulomb holderm cy: Re =  sx, cn. Using Equations 2.54, 2.62, and 2.64, we can

de ne them as follows:

sxir=% o= & kgtrokgr®Re, tr-r® £ (2.66)
0 i Y 10 ®
chir=% o= kgrokgir®9% 3190 — . (2.67)
8 0 8

The meaning of screened exchange is straightforward enough: it is the typical Fock
exchange energy term with the bare Coulomb interaction replaced with a screened potential.
To elucidate the meaning of the Coulomb hole term, suppose that we are interested in
an energy scale much lower than the pole of the screened interaction, which appears near
the material's plasma frequency. This assumption is well-justi ed for states near the Fermi

level. It allows us to set g 0in Equation 2.67 and compute the principal value with
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the Kramers Kronig relation, yielding
6 1
crtr=r% 0= k81r°k81r(b§ » r4%0 BEro%y,
8 (2.68)
xtrr r®x 114000 BEroOu,

NI

In the second line, we used a completeness relation for the wavefunctions to replace them
with a Xfunction. We see that the Coulomb hole represents a local response to the
rearrangement of nearby electrons that screens the Coulomb potential (in this static limit).

Having somewhat demysti ed the self-energy, the next task is to actually compute the
screened Coulomb potential. Screening in insulators is a complex, highly inhomogeneous
process that must be studied at short length scales, or equivalently, over a large region of
reciprocal space. Itis described quantitatively by the inverse dielectric functiona® ©
of Section 2.2.1, whose results can be framed in the notation of Equations 2.57 2.60 in the
following way: .

, 11-20= 3139 111-3°EL3-20. (2.69)

For our purposes, it will be more useful to Fourier-transform to reciprocal space, as we did

in Section 2.2.1. Then, the above convolution becomes simple multiplication:

, 6G0M0; ©=ngholq; °Elq, G®- (2.70)

whereG andGP are reciprocal lattice vectors amds a wave vector in the rst Brillouin
zone. The choice in the previous section to retain only one term in the vertex function,
which was called the, approximation there, is equivalent to makingaamdom phase

approximation(RPA) for the dielectric function. Under this approximation, the (normal,
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non-inverse) dielectric function can be written

neeold, °=Xseo Eq, G°¥%eolq; °- (2.71)

where%is theirreducible polarizability In the RPA, the static limit of the irreducible

polarizability was derived independently by Adler [50] and Wiser [51]:

(~) o 51 _ o] 5l 4,0
Yoot =0°= ek, qja? " jin=fkja %0 O ek, gi =t ==X
:—Q—k = R q =

(2.72)

where 5 ©is a Fermi occupation function. For semiconductors and insulators, the Fermi
factors become 0 or 1, and we can restricttrnd="sums to range over either occupied

or empty bands:

TR0 g, gjdPe & rikin=kj4 #9 6=k | gi

O/QSGolq; =0°=2 (273)

- -0 K =k . g =0k

We can plug this into Equation 2.71 to obtain the static dielectric function:

gc @O0 o gjgPa.Corjkin=%j4 8. G =k _ g
ia. Gj? .

Neco'd; 0° = XGgo
= =0 k :'k, q :O_k
(2.74)

The next step is to build a model for the dielectric function at nonzero energies. The
simplest standard approach is the generalized plasmon pole (GPP) model of Hybertsen and
Louie [47]. The imaginary part of the screened Coulomb potential is known to exhibit a
strong peak at the plasmon frequency; the GPP model assumes that this is the only important

feature of the spectrum. Since self-energy calculations typically involve integrating the

screened Coulomb potential over a large energy range, this is a reasonable assumption.
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Hybertsen and Louie postulated that the imaginary part of the inverse dielectric function

takes the form
Im nG]éOlq; 0= Ggolq°fX» eceotq® X» | lkeggotq®¥g (2.75)

for two unknown parametersggolg® andlesgotq®. We need two constraints to solve for
these parameters. The rst comes from requiring that the dielectric function be causal and

applying a Kramers Kronig relation at zero energy:

1
2 1 _Imnlgg ©
RensLolq; 0° = Xsao, E% 3 Mhserd |
0

(2.76)

The second is a version of tHesum rule from linear response theory derived in [47]:

1

1 1 o 1 ® q1 ®
c g, G° g, G*d'G G
3 Imnggota; °= =15 2.77
I z }
équo

P———— . .
wherel > = 4cdl0°42.< is the bulk plasma frequency andG° is a Fourier component
of the ground-state charge density. The underbraced term de gedependene ective
bare plasma frequencyss1g®. Using these constraints, the amplitudeso'q® and mode

frequencyeggolq® can be determined with no further adjustable parameters:

e25olq0 = Geo'd° - (2.78)
X660 Megotd; =0°
c ceo'q°®
110 = —_ -
GGo(Q > bGGolqo (279)
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and the real part of the inverse dielectric function can be written as

2 1q0

0
Reneéol ;9= Xeeo, |26|G—21qo. (2.80)
GG

For materials with inversion symmetry, the GPP matrix elements of the screened ex-

change and Coulomb hole self-energies can now be written down explicitly:

&c O . -
tekj sxtr—% oj=ki = hek 489G 1%  qin="% qj4 896" i
=00
,AGGO 4
éGOlqO ®
Eq, G*>- (2.81
N Xs60, 7 e o2 BLooq q, (2.81)
10 o ® 0
ekj cntr—S oj=ki = 3 hekj429. S Tj=%  qih="k qgj4 &9 C" =i
:OOqGGO
2 1n0
ceo 9 Eq, G  (2.82)
eGco'q® =k q lkccotq® ’

For materials without inversion symmetryéGolq0 andleggolqP are not necessarily real,

so slight corrections must be made to obtain real-valued eigenvalues [52, 53]. The basic
structure holds, however: the screened exchange involves a sum over occupied bands, while
the Coulomb hole involves an in nite sum over all bands in the system.

Having set up this machinery, we return to our actual goal: calculating quasiparticle
energies and states. In principle, Equation 2.63 is entirely self-consistent, and swapping out
the exchange correlation functional for the self-energy produces a new set of wavefunctions.
One could solve for them by starting with an initial guess based on DFT wavefunctions,
constructing and diagonalizing the resulting energy-dependent Hamiltonian in some manner,
and iterating until self-consistency is achieved, as is done for the electron density and

Kohn Sham wavefunctions in DFT (see Section 2.1). However, for most systems, the DFT
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wavefunctions are a very good approximation to the quasiparticle wavefunctions [47], and
it su ces to correct their energies by computing matrix elements of the Hamiltonian
in the DFT basis:

S= ST oh=kj t 5 +j=kie (2.83)

This approach is a diagonal-only approximation to the Dyson equation. Typically, it is
combined with thesingle-shot, or ¢, ¢ approach, in which both the Green's function

and the screened Coulomb potential are constructed from the input (DFT) wavefunctions.
The low number of self-energy matrix elements and the fact that the calculation is done
in one shot combine to substantially reduce the required workload. The self-energy still
depends self-consistently on the quasiparticle energies, but this dependence is close to linear
[47] and can be well-approximated by taking a rst-order expansion around the DFT energy

values:

. L kKj 1 °j=ki
Skp DFT h=kj 1 DFTo 4 j=ki 1 Skp DFTo e Jm j=ki . (2.84)
= DFT
Solving for the quasiparticle energies, we obtain
1 . .
SkF’: =DkFT= — h:k] 1 :DkFTO +XCJ:k|o (285)
1 m — DFT

=k

Up to a question of where to evaluate it along the energy axis, the prefdctof- Yis
the quasiparticle renormalization factorof Fermi liquid theory [47]. We should always
have/ Y 1; when/ is close to 1, energy corrections are large and the system's collective

excitations are well-described by the particle-like picture we are using here.
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2.2.4 Excitons and optical absorption with the Bethe Salpeter equa-
tion

Having discussed the use of the method to calculate quasiparticle energies, we now
turn to the question of describing optical phenomena. The method does an excellent
job of describingsingle-particleexperiments such as X-ray or ultraviolet photoemission
spectroscopy (XPS or UPS), in which an electron is removed from or added to a single
energy level in a system [47]. However, optical absorption processes at lower energies often
promote an excited electron to the conduction band, leaving a positively charged hole in
the band that the electron vacates. Since the electron and hole have nonzero and opposite
charges, they may form a bound state known asxaiton Such two-particle processes are
not fully treated by the one-body Green's functions of Sections 2.2.2 and 2.2.3. As a result,
theoretical absorption spectra computed within the RPA are often quite poor, even when
corrected with,  quasiparticle energy levels [54].

The source of these problems is the correlation between the quantum states of the
electron and the hole. We account for this correlation quantitatively usingvtwdody
Green's function, generally denoted by, or, for historical reasond,. ! has a spectral

representation analogous to Equation 2.54:

6 . 3 O . O_ . _ O . O_
111200 o=g LK (P I (et (Mt g
( ( .

where ( indexes a set of electron hole excitations with energigswhose two-particle

wavefunctions can be expanded in terms of single-particle electron and hole states as
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follows:

& énrd
j(xx® = G katxOkg X® | Ly KpxOK 5 1x® o (2.87)
E 2 k

In the non-interacting case, the spectrum includes all possible valence conduction tran-
sitions, and the non-interacting Green's functiom can be written directly in terms of

single-particle states:

O KutxOKex% K e1x0 ko190 K £1x10 K 5100 K 51x,0 k %00
10112, 100 o=g 27t TE71 TEFZ P2y TETM To%y T272 TE

1 (o] 1 (o]
E-2 2 E s 2 E

(2.88)
I is subject to a Dyson equation analogous to Equation 2.57 called the Bethe Salpeter

equation (BSE):

1112;19% =1 4112; 1% 31345@1 (114;1°3° 135:481 162;53>—  (2.89)

in which the role previously held by the self-energy is played byitteraction kernel .
In the basis of of the single-particle states of Equation 2.87, the kernel has a block-diagonal
structure, with blocks  and describing interactions amoniz terms and among

(E2< terms, respectively, and blocks and describing cross-couplings. However,
the o -diagonal blocks are typically negligible in strength, so it is common to apply the
Tamm Danco approximation of setting = = 0[54]. Inthis case, the information

provided by the (E2< terms turns out to be redundant, so we ignore them and focus on the
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(E2< terms. Under these simpli cations, the BSE is rendered as an eigenvalue problem:

x  EK Exs et (° o= ( (E2<_ (2.90)

where

1

exemaot B 8 313450 kp1x4°k 5 1x3® 13546; (°KpgotXs® Koxotxg%e (2.91)

In the limitthat = 0, we see that Equation 2.90 is already diagonalized, with eigenvalues
simply consisting of interband transition energies (which could be DFT energies or quasi-
particle energies obtained from ). The kernel is responsible for coupling between these
transitions to produce correlated exciton states.

The BSE kernel can be calculated as a functional derivative of the Coulomb and self-
energy interaction terms with respect to the one-patrticle Green's function [54]:

Xobcou X340, 13-4,
X 1650

135; 48 = (2.92)

Applying the ,  approximation and further assuming that the screened Coulomb interac-

tion, isindependent of , this expression can be decomposed into two terms:

135: 46 = 8 X3-4° XI5 —6° EL3-6°
(2.93)
8 X3-6°X14-50, 13 40

These terms are labeled te&change term ©and thedirect term 3, respectively. The

direct term provides most of the electron hole attraction that produces bound states, while
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the exchange term is spin-dependent and results in a splitting between singlet and triplet
excitations. In the static limit, which is usually su cient for describing solids but not

necessarily atoms or molecules, the matrix elements are given by

ccmno= X 3K XK gtx® Br—+ ® K pg0tx® K g 0t (2.94)
1
EE(QLEZOkO = 3x 3XOk2k 1%0 K 50,01 X0 K g IXQ K E%OlXQ) C 4% =0 (2.95)

However, upon transforming to a basis that decouples spin singlets and triplets, the kernel
reduces to just 2 for each triplet state and® | 2 Cfor the singlet state, explaining the
origin of the spin splitting.
Once constructed, Equation 2.90 can be diagonalized to obtain the exciton eigenstates

(E2< and their corresponding energy eigenvalues There is physical insight to be gained
by studying the exciton wavefunctions in either real space or reciprocal space, but their
most immediate experimental use is in the construction of a more accurate formula for the
system's optical absorption spectrum, given by the imaginary ipart° of its dielectric
function. In the RPA, the optical spectrum is given by [54]

8C242 6
| 2

1001| o—

je MEKjvj2kij?xl 1t oy go%— (2.96)
EX

wheree is the polarization of the impinging light and = 8>— r¥%is the single-particle
velocity operator. As mentioned, this spectrum is often qualitatively inconsistent with

experiment. The absorption spectrum obtained from the BSE is analogous in structure but
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encodes information about transitions to exciton states:

2220
il 0= 8‘|324 je MOvi(ij2xl  (o- (2.97)

(

where the excitonic optical transition matrix is computed in terms of hole electron transi-
tions:

ojvj(i = C, FEKjvj2ki e (2.98)
EX

There are several ways to compute the non-interacting transition matrix elements, but in
crystals the simplest derives frdn p perturbation theory. For a small but nite reciprocal-
space shift], the matrix elements are given by

. &r. .
MEGVi2ki =1 g g lim (D WA

hm @ (2.99)

Other schemes are possible, but they must account for subtleties involving the commutator
» s Va0f the possibly-nonlocal pseudopotential with the position operator, as well as a
renormalization of the transition matrix element that appears when quasiparticle energy

corrections are applied [54]. These corrections are handled impliciy ptheory.

2.2.5 , calculations

, and, -BSE calculations yield accurate results, but at substantial computational cost.
The computational work of a DFT calculation generally scales with where# is the
number of atoms in the system. In contrast, the work needed for thenethod typically
scales with# 4, while post-processing with the BSE often scales wth In practice, the

, Step is usually the more expensive of the two, since the number of bands it requires
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Figure 2.2: Flowchart of steps for performing ,a -BSE calculation. A mean- eld
technigue such as DFT should be used to generate the WFN, WFNqg, WFN_ , WFNQ_,
and (optionally) WFN_co les. Quasiparticle energies are generated usingpti®n |,
sigma, and (optionally)integp executables, while, -BSE calculations are done with
thekernel andabsorption executables.
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can be orders of magnitude higher. Even so, the rapid scaling of the BSE step may mean
that only a few eV of an absorption spectrum can be satisfactorily converged without a very
expensive calculation.

In Chapter 8, we perform, and , -BSE calculations on systems with up to 45
atoms. Some of these systems are 2D slabs that require vacuum spacing at least as large as
the slab itself (see discussion of Coulomb truncation below). Since the numBeraaitors
in the system scales with the total unit cell volume, these 2D systems e ectively H&\@&
atoms for the purposes of some terms in the calculation. To handle these calculations,
we use BerkeleyGW [53], a software package designed to scale e ciently to massively
parallel calculations.

BerkeleyGW breaks the -BSE work ow down into four main executables:

1. epsilon calculatesgotq® and neéolq0 via the Adler Wiser polarizability sum of
Equation 2.73. Minimally, it computes the stakic= 0 dielectric matrix, but it can

also do nited calculations.

2. sigma calculates quasiparticle energies?kp from an expression such as Equa-
tion 2.85, using Equations 2.81 and 2.82 (or equivalent expressions for a frequency
model other than the GPP) to compute the self-energy. In addition to interpolating
with Equation 2.85sigma can apply a static scissors shift to DFT energies or be

run multiple times to achieve self-consistency.

3. kernel calculates the matrix elements x_go of the BSE kernel on a coarse grid

of k-points using reciprocal-space forms of Equations 2.94 and 2.95.

4. absorption interpolates the BSE kernel to a ner grid kfpoints, diagonalizes it

to obtain exciton states(Ezk and energies (, and computes the optical absorption
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spectrunmt| ©,

Figure 2.2 shows how these steps interact with one another, as well as with preceding DFT
calculations. Botlepsilon andsigma use a large number of unoccupied DFT states on

a relatively coars&-grid. epsilon also uses occupied states on a slightly shifted coarse
grid to calculate itg] ! Oterms in a non-divergent way, whigggma depends on the DFT
calculation to provider,. matrix elements for Equation 2.85 and the charge demkiGP

for the GPPkernel can use the same coarse grid as the steps, but if the, step

is prohibitively expensive, it may be useful to reigma on a very coarse grid and then
interpolate to an intermediate grid (WFN_co in Figure 2.2) using the auxili@egp
executable. In that casepsilon andkernel must be run on the intermediate grid.
absorption uses DFT calculations on both the grid usedckbynel and the ner grid to

which it interpolates the kernel; in each case it needs enough unoccupied states to capture
all interband transitions in the intended energy window of the absorption spectrum. Finally,
absorption also uses a shifted set of occupied states to calculate the RPA matrix elements

from Equation 2.99.

2.2.6 Scaling, calculations to large systems

This section reviews various considerations that are important for e ciently performing
plane-wave, calculations in large-scale systems.

Memory usage

The limiting factor in large-scale  calculations is often not processor time, but rather the
memory needed to store the calculation's enormous wavefunctions, polarizability matrices,

and Bethe Salpeter kernels. Therefore, we want to take a moment to discuss how memory
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usage in BerkeleyGW depends on parallelization of the calculation. Some steps, such as the
summation in Equation 2.73 that computes the polarizability, are distributed over the entire
set of CPUs in a block-cyclic manner [53]. This requires intermittent MPI communication
between cores but allows the total memory usage to be essentially xed. As a result, the
memory per core needed for this step decreases linearly with the number of cores.

Other steps are more complicated, however. @psilon executable provides a case
study in large-scale parallelization [53]. The rsttask carried ouepsgilon isto compute

a large number of matrix elements of the following form:

" _otk—g-G° = hek | qj4%9 G i=ki— (2.100)

where=is the index of an occupied barwPiis the index of an unoccupied bandandq are

points in the Brillouin zone, an@ is a reciprocal lattice vector. These matrix elements rst
appear when evaluating Equation 2.73, but are used at several points throughout the
calculation. The computation is distributed among #heprocessors by grouping them

into % pools, each of which is responsible for a fraction of the valence bands. Each of the
% = # -+ % processors in a pool is then assigned some share of the conduction bands. If
there are# g valence bands anél, conduction bands#(,  #g), then each processor must
compute matrix elements that couple roughiiy % valence bands té »* % conduction
bands. If the memory required to store a single bandgsthen the memory needed to

store a single processor's wavefunctions is

,):< #_E @ =< #_E #20/(E

- (2.101)
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Table 2.1: Optimal memory distribution for the Berkeley@fsilon code in both the
low-parallelization ¢, Y #,+#g) and high-parallelization{,  #2*#g) limits.

#?Y#Z'#E #?Q #2°#E
H#Hetto
Number of valence pool8g 1
5?2
# #ett
Average memory per processbry | <g #g, -2 2<p £ 2
#o #o
Total memory," it <o #Heft,, #o 2<¢ #HeHoHt-
and the total memory used is
H#Hetto
"ot = #2" 2 =<0 % #2% o (2.102)

For alarge, xed number of processors, the memory usage per processor is minimized when

3" 7 #E #2
=< —= £ =0 2.103
3% 0 9 % ( )
which yields s
H#Heft o
Y% . (2.104)
#o

This choice splits the memory each processor evenly between valence and conduction bands.
However, it is only a coherent prescription fép | # »*#g; otherwise we are obligated to
choos&g = 1.

The memory per processor and total memory in each regime are shown in Table 2.1.
We see that -, scales roughly witlie# - for small# », but the scaling softens ﬂ)p#_?
as#, becomes larger. In addition, the total memory usage is not xed, but grows with
# - even for a small number of processors. Therefore, when performing a calculation on

an entire node, a choice must be made between e cient memory usage (distributing the
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node's entire memory to just a few processors) and performance (using more of the node's

processors).

Converging sums with the static Coulomb hole remainder

In principle, both the static dielectric matrix (Equation 2.74) and the Coulomb hole portion
of the self-energy (Equation 2.82) involve in nite sums over unoccupied states, which
converge slowly with the number of terms in the sum. Various approaches have been
developed to alleviate this problem. Some authors have proposed linear-response methods
that avoid the need to sum over empty states altogether [55, 56], while other have proposed
schemes for approximating the contribution from the truncated remainder in closed form
[57, 58, 59]. In this dissertation, we use a particularly simple and e ective remainder
term rst proposed by Deslippe et al. called the static Coulomb hole (CH) approximation
[60]. With this remainder added, sums can be converged with an order of magnitude fewer
explicitly included terms, greatly reducing the cost of calculations.

The static CH approximation focuses on the Coulomb hole self-energy sum, since it
generally converges more slowly than the dielectric screening matrix. It is based on the
static (energy-independent) expression for the Coulomb hole, whose# r@rms are

hekj oM ar 0 0oj=ki = 190 hekja®a- S Tj0%  gih="% qgj4 8% C" =i

2 oo qGGO

Noold; =0° Xsco Elq, G
(2.105)

The key insight is that, whe# ! 1 , the sum ovee®can be eliminated by applying a
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completeness relation:

hekj SoM 1y ®j=i = % hekja®C C% ki nLolq;0° Xego Erq, G
qGG°
(2.106)

This fact was already discussed in Section 2.2.3 to provide a physical interpretation for the
name Coulomb hole. The di erence between Equations 2.106 and 2.105 is the static
remainder the contribution that the omitted bands would have made to the Coulomb hole
energy had they been included. Since the matrix elements in Equation 2.105 must already
be computed for the GPP Coulomb hole self-energy, this remainder can be calculated in a
non-static calculation at essentially no additional cost. The static CH correction that results

is the following, where éH Is the standard GPP self-energy from Equation 2.82 w#ith

terms evaluated:

hekj 2% o)=ki = hekj Z =% oj=ki

rekj g™ =G oej=ki h=kj S r—r®j=ki
(2.107)

NI =

The factor ofl+2 is included for consistency with previous work by Kang and Hybertsen
[59].

In our experience, including the static Coulomb hole remainder brings convergence of
the CH summation roughly in line with the convergence of the dielectric function. Itis used

in all the , calculations cited in this dissertation.

State generation with simple approximate physical orbitals (SAPOSs)

The cost of calculating sums over unoccupied states can be further reduced if the wave-

functions themselves can be generated cheaply. To congtrstates in DFT, we must
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extract the# lowest eigenvalues and their eigenstates from the Kohn Sham equations at
everyk-point of interest. Agt grows into the thousands for large systems treated with
this task becomes daunting even if e cient iterative diagonalization techniques are used.
Fortunately, this is overkill. The states high in the continuum that must be accounted for in
,  calculations are well approximated by individual plane waves, even in the vicinity of
ionic cores [61]. As a result, various schemes have been proposed to simply replace them
with plane waves in, calculations. We discuss one of these schemes, dubbed the simple
approximate physical orbital (SAPO) approach by its creators [61].

In solid materials, the SAPO approach supplements a modest number of explicitly-
calculated DFT states with plane-wave continuum orbitals. The energy of the plane-wave
statek - 1r° = exp8k , G° r¥%wherek lies in the rst Brillouin zone ands is a reciprocal

lattice vector, is initially estimated by

Yo = htperi, Lk, GO%— (2.108)

wherehtperi is the averaged DFT potential atkl, G°? is the plane wave's kinetic energy

in Rydberg atomic units. When combined with the actual DFT states, these states form
an overcomplete basis, so they must be orthogonalized. The collection of states is sorted
by energy eigenvalue and the Gram Schmidt process is applied to produce a new set of
orthonormal wavefunctions . This set includes both the original DFT states and a

new orthogonalized set of plane-wave-like states, the latter of which are the technique's
namesake SAPOs. To assign energies to the new states, two assumptions are made: (1) the
energiesy= assigned in Equation 2.108 are the matrix elements of the Hamiltonian in the

plane-wave basi$k =j "jk=i = Yz, and (2) the new wavefunctionsy r° are eigenstates
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of the Hamiltonian. Neither of these assumptions is exactly true, but assuming them allows

one to assign a reasonable value for the SAPO energy eigenvalues:

=k = h :kj 'j :kl
SLih ki <O (2.109)

= Y= — ——
1 Z1jh <jk«ij?

5

As long as enough DFT wavefunctions are included to account for states with substantial
atomic character, this procedure accurately reproduces energy eigenvalues. It also allows
converged, results to be obtained for dramatically less computational cost in the DFT
step.

In this dissertation, SAPOs are used in all calculations with more than10 atoms.
Typically, at least 15 Ry of DFT states are calculated by iterative diagonalization of the

Kohn Sham Hamiltonian, and SAPOs are used for the remaining states.

Handling low-dimensional systems with Coulomb truncation and nonuniform neck

subsampling (NNS)

The materials described in this dissertation are either two-dimensional (2D) or quasi-
two-dimensional (quasi-2D), surrounded in principle by a semi-in nite substrate beneath
and a semi-in nite vacuum above. However, they are treated in plane-wave DFT and
calculations by assuming periodic boundary conditions, meaning that they are surrounded by
an in nite number of copies of themselves in the vertical direction. Itis important to ensure
that these periodic copies do not interact in unphysical ways. Electronic wavefunctions
decay exponentially in vacuum, so overlap between electronic states can be eliminated

with a modest amount of layer spacing. However, long-range Coulomb interactions can be
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substantial, especially when describing spatially separated holes and electrons.
The typical remedy is to truncate the Coulomb interaction in the con ned direction. For
a slab geometry this takes the form

1 1 |10
ghro = V12 J1I° '2AJ d (2.110)

for some truncation lengthy. Sharp truncations like this can present problems in reciprocal

space due to ringing e ects. For example, the Fourier transform of Equation 2.110 is

4c . : .
Bliko=—= 1, 472 “Lgin: 1 cosifl® - (2.111)

- GH

q
where:gy= :3, : & For general,, this expression diverges fof < 0 and: gn! 0,

whereas before the potential only diverged fot 0. Ismail-Beigi [62] noted that this
problem can be avoided by choosing= ! |2, where! | is the periodicity in the-direction.
This is because whekis a reciprocal lattice vector we have = c=je1, = 2c=¢! | for
some integer, and henceint: |1,° = 0. The problematic term in Equation 2.111 drops
out, and we have

4 |
Blike=2 1 4 cd2cog 1,0 — (2.112)

This expression is nite asgy! O0for ;| < 0, and diverges a%s: for :| = 0, a softer
divergence than thée: 2 behavior seen in the 3D case. Thus, calculations using the
Ismail-Beigi truncation scheme are generally well-behaved.

However, slab Coulomb truncation does not fully handle anomalous 2D behavior. The
neck elements of the inverse dielectric matlrié};()lq° (i.e., elements for reciprocal lattice

vectorsG>-G% in the con ned direction) display sharp structure@s 0. In particular,
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Figure 2.3: Low@behavior of the inverse dielectric matrixa) Static inverse dielectric
constanhoglqc’ plotted as a function gfjj for a slab of MgTiO4 on an MgO substrate (see
Chapter 8). The blue line is a t of the forten,}2q° = 1, Waj?E'1q° expt Ujgj° used
in [62]. As in all 2D materials, the inverse dielectric constant is exactlyd.=a0, but for
nite q it quickly drops by nearly 50% before recoverint) Schematic of the subsampling
scheme used to partition tlge= 0 Voronoi cell into annuli, taken from [63].

the G = G°= 0 entry exhibits a steep drop and local minimum at I@(Figure 2.3(a)).
As aresult,, observables like quasiparticle energies and ionization potentials converge
slowly with the size of thé-grid.

da Jornada, Qiu, and Louie [63] proposed a clever solution to this issue that involves
subsamplinghe Voronoi cell of the Brillouin zone surroundirgg= 0. Their procedure
divides theq = 0 cell into # g annular regions and selects a pajgatwithin each region at
which nggolqg is calculated (Figure 2.3(b)). Then, thge= 0 neck matrix elements of the
screened Coulomb potential are calculated by

G

’ éuGbolq =0—|°= FBrb]éoqu_lo Elqs, G®— (2.113)
B=1

whereFgis a weight equal to the fraction of the Voronoi cell area covered by anriilus
This procedure, dubbed nonuniform neck subsampling, or NNS, accelerates convergence
with respect tay-grid size in a dramatic fashion. For bilayer MoSthe band gap can be

converged to within 10 meV usingéa 6 1 g-grid with #g= 10subsampled points [63].
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For comparison, a uniform calculation or8& 36 1 requires two orders of magnitude
more computer time to get a result with 40 meV of error.

In this dissertation, the Ismail-Beigi slab truncation scheme is used fqr altalcula-
tions on two-dimensional materials. We note when we use nonuniform neck subsampling,

and compare the results to those obtained using a unifegmd where appropriate.
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Chapter 3

Epitaxial binding and strain effects in
monolayer stanene on the AlO3(0001)
surface

This chapter is adapted from an article originally entitled Structure and binding of stanene
on the Ay}O3(0001) surface co-authored with Sohrab Ismail-Beigi that has been submitted
for publication [64]. | performed the calculations and did the analysis, and SIB provided
guidance.

Stanene, the two-dimensional monolayer form of tin, has been predicted to be a 2D topo-
logical insulator due to its large spin orbit interaction. However, a clear experimental
demonstration of stanene's topological properties has eluded observation, in part because
of the di culty of choosing a substrate on which stanene will remain topologically nontriv-

ial. In this chapter, we present rst-principles density functional theory (DFT) calculations

of epitaxial monolayer stanene grown on the (0001) surface of alumin@zAhs well as
free-standing decorated stanene under strain. By describing the energetics and nature of
how monolayer stanene binds to alumina, we show a strong energetic drive for the mono-
layer to be coherently strained and epitaxial to the substrate. By analyzing the electronic

structure of strained stanene, we nd it to be a quantum spin Hall insulator gDzAl
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3.1 Introduction

Two-dimensional topological insulators (2DTIs) have received attention in recent years due
to their potential for hosting robust symmetry-protected current-carrying edge states [65].
The buckled hexagonal monolayer form of tin, known as stanene, is of particular interest
[66, 67] since its band gap 0.1 eV) is large enough for room-temperature applications
[68, 6]. Stanene's band gap can be further enhanced by functionalization, in particular
with halogen atoms. Proposed uses of stanene include spintronic nanoribbon devices
[69, 70], tunable eld-e ect transistors [71], a surface for adsorption of molecules including
CH,0, CHy, CO, NO, NO, and NH; [72, 73], and the possibility of room-temperature
demonstration of the quantum spin Hall e ect [6, 74] and quantum anomalous Hall e ect
[75, 76, 77].

However, the electronic structure of epitaxial stanene is sensitive to both strain and
surface interactions, so choosing an appropriate substrate is vital [78]. Stanene is metallic
on many substrates, including Ag(111) [79, 80], Au(111) [81, 82], Sb(111) [83], and
BioTes(111) [84, 85, 86]. Ultra at stanene grown on Cu(111) shows evidence of nontrivial
edge states but is metallic overall [87], while buckled stanene on PbTe(111) is gapped
but is topologically trivial {.e., non-topological) due to in-plane compressive strain [88].
InSb(111) is a promising substrate for globally gapped topological stanene, though reported
results remain somewhat inconclusive [89, 90]. A larger suite of potential stanene substrates
is important to enable robust continued work.

Alumina (Al,O3) is a wide-gap insulator whose growth is well-characterized and com-
monly performed. Cleaved along its (0001) surface, alumina has a surface lattice parameter

within a few percent of the free-standing stanene lattice parameter. Previous work has
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examined one possible structure for stanene a®AklBnd elucidated basic aspects of the
resulting electronic bands [91, 92]. In this chapter, we describe several critical results re-
garding the structure, stability, and topological character of stanene on alumina: hexagonal
stanene (the assumed structure in the prior works) is indeed stabilized on stanene compared
to other structures that are favored as isolated 2D sheets, the strength of the binding of
stanene to the alumina surface turns out to be surprisingly large, the binding is strong
enough to create an epitaxial 2D layer of stanene on alumina, and the resulting electronic
bands of the heterostructure show a large gap as well as the desired topological character of
a quantum spin Hall insulator. We end with an outlook for the potential of stanene synthesis

on alumina.

3.2 Methods

We performed density functional theory (DFT) calculations using the QuaBgpresso
software package [93, 94]. We used fully relativistic projector augmented-wave (PAW) pseu-
dopotentials with spin orbit interaction, along with the Perdew Burke Ernzerhof (PBE)
generalized gradient approximation to the exchange correlation functional [20]. We used
a plane-wave basis set with a wavefunction energy cuto of 680 eV and a charge density
plane wave cuto of 6,800 eV, and we relaxed atomic positions until all axial forces were
below2s5 10 3 eV/A. We performed additional calculations with the same parameters and
a hybrid exchange correlation functional using the VASP software [95, 23, 24]. We per-
formed calculations at the theoretical relaxed lattice parameters of bulk alumina; however,
since the Quanturiespressoversion we used does not perform automated variable-cell

relaxations with fully relativistic pseudopotentials, those lattice parameters were found by
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atomically relaxing bulk structures on a grid of lattice parameter values and tting to nd
the minimum in energy. We estimate that this is equivalent to performing an automated
variable-cell relaxation until all uniaxial stresses are below 5 kbar. Calculations used a
12 12 1k-point mesh and 14 meV of Gaussian thermal broadening.

We carried out substrate-based calculations on an Al-terminated slab®f éleaved
along the (0001) surface. In-plane lattice parameters were taken from a theoretical re-
laxation of bulk AbOs, which yielded a lattice parameter of 4.792 A. We included four
stoichiometric layers of the AD3 slab to ensure convergence in atomic positions and for-
mation energies. We placed monolayers of stanene on both surfaces of a symmetric alumina
slab to retain inversion symmetry and avoid the need for a dipole correction in the vacuum.
We used the Grimme DFT-D2, DFT-D3, and Becke Johnson XDM semiempirical func-
tionals to investigate the robustness of our results against noncovalent interactions between
the substrate and the stanene overlayer [96, 97, 98, 99, 100].

For isolated 2D tin-based monolayers, we computed topological characters from occu-
pied band parities at time-reversal invariant momenta using the method of Fu and Kane
[101]. To compute the topological invariant for bound stanene, we removed one stanene
monolayer from one side of the alumina slab and used the Wannier charge center method
of Soluyanov and Vanderbilt [28], as implemented in the WannierTools package [34] using
maximally localized Wannier functions from the Wannier90 package [33]. This approach
breaks the inversion symmetry that was present before, but the resulting electric dipole is

quite small and does not a ect the states near the Fermi energy.
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Table 3.1: Structural data for free-standing stanene in its bare, hydrogenated, and uori-
nated forms.

Bare stanene Hydrogenated stanene Fluorinated stanene

Lattice parameted (A) 4.68 4.72 5.02

Sn Sn bucklingl1 (A) 0.85 0.82 0.53

Sn Sn bond lengtt8 (A) 2.83 2.85 2.95

Band gap (eV) 0.069 0.214 0.306

Topological insulator? YES NO YES
3.3 Results

3.3.1 Free-standing stanene monolayers

We performed variable-cell structural relaxations for free-standing monolayers of bare
stanene, as well as fully functionalized uorinated stanene (SnF) and hydrogenated stanene
(SnH). In each calculation, both the lattice parameter and the atomic positions were relaxed
to minimize stresses and forces. Each structure is low-buckled, with a unit cell containing
two vertically-displaced Sn atoms. The optimal structural parameters and DFT-PBE band
gap, shown in Table 3.1, are in good agreement with previous results [6]. According to
the Fu Kane method [101], bare and uorinated stanene are topological insulators, while
hydrogenated stanene is a trivial insulator. The topological properties of each of these

freestanding materials are examined in greater detail in Section 3.3.6 below.

3.3.2 Bound low-buckled structure

For our substrate-bound calculations, we focused on undecorated stanene. When bound
epitaxially to alumina, low-buckled stanene retains its basic structure but is uBd&¥o

tensile strain. We found that the most stable structures are obtained when Sn atoms are
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Figure 3.1: (a,d) Top (a) and side(d) views of the bare AIO3(0001) slab used as a
substrate. The three inequivalent exposed Al atoms are labeled A, B, and C. The blue arrow
in (a) indicates the viewing direction of pandld-f). (b,e) Top (b) and side(e) views of
second-most-stable registry choice A/B for stanene o4l placing the upper and lower

Sn atoms in positions A and B, respectively. Black arrowgeirlabel the bond lengt3,

the bucklingl, and the vertical binding distances and », whose values are found in
Table 3.2.(c,f) Top(c) and sidgf) views of the most stable registry choice A/C for stanene

on Al,Og, placing the upper and lower Sn atoms in positions A and C, respectively.
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Table 3.2: Structural and energetic information for the two most favorable registries of
stanene on AlO3. See Figure 3.1 for de nitions df, 3, ; and ».

A/B structure  A/C structure

Buckling 1 (A) 1.03 1.18
Bond length3 (A) 2.95 3.01
Binding distance 1 (A) 3.06 2.90
Binding distance » (A) 3.43 3.47
Binding energy 1 per unit cell (eV):
no van der Waals functional 0.31 0.50
Grimme DFT-D2 functional [96] 1.02 1.23
Grimme DFT-D3 functional [98] 0.84
XDM functional [99, 100] 1.16
Band gap (eV) 0.247 0.263

placed atop Al atoms.

The Al-terminated alumina slab has three exposed aluminum atoms per unit cell, which
are labeled A, B, and C in Figure 3.1(a). Atom A terminates the slab, while atoms B and C
are roughly coplanar (0.2 A vertical separation) and located under a layer of oxygen atoms.
We examined & 3 grid of possibly registry alignments for stanene within the alumina unit
cell, each of which permits two structures that are obtained by swapping the up-buckled and
down-buckled Sn atoms. We relaxed the atomic positions in each of these 18 inequivalent
stanene-on-alumina registries. The two most favorable registries, shown in Figures 3.1(b)
and 3.1(c), place the upper tin atom directly over atom A and the lower tin atom directly
over either atom B or C. The structural parameters, binding energies, and DFT-PBE band
gaps of the two favorable structures are found in Table 3.2. The A/C structure is the most
energetically favored by a margin of at least 0.24 eV per two-atom stanene unit cell. This
structure, which was predicted by similar previous work [91, 92], will be taken as the ground

state structure.
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3.3.3 Binding energy and van der Waals functionals

The binding energy 1 equals the total energy of the bound stanene-substrate complex
boung MiNus the sum of the energies of the free-standing stanene laygsneand the bare

alumina slab a,0,:

1= bound stanene,  Al,O3 ° (3.1)

To assess the importance of noncovalent interactions in the binding, we calcujabeth
with and without van der Waals dispersion corrections. We checked three van der Waals
functionals implemented in Quantugspresso the common Grimme DFT-D2 functional
[96]; its DFT-D3 revision, which incorporates three-body interactions [98]; and the Becke
Johnson exchange-hole dipole-moment (XDM) model [99, 100]. We found that including
a van der Waals functional modi es the interatomic distances listed in Table 3.2 by less
than 0.5%, indicating that the physical structure is determined largely by chemical rather
than van der Waals interactions. However, the binding energy, which is 0.50 eV per stanene
unit cell without dispersion e ects, increase to 0.84 1.23 eV per unit cell depending on the
dispersion functional used. The largest binding occurs with the DFT-D2 functional, which
is known to overbind solids [98], so we expect that the true binding energy lies within the
range between the bare and DFT-D2 calculations. A previous study using the optB86b-vdW
functional found a binding energy of 1.11 eV per unit cell, which is well within this range
[91]. This suggests that both noncovalent and covalent interactions are needed to fully
describe the absolute magnitude of the binding energy of stanene to alumina.

The fact that the chemical binding is quite substantial at 0.50 eV/unit cell requires some
explanation: naively, one might expect a wide-gap material such as alumina to be relatively

inert. To identify the chemical interaction that drives the binding, we plotted the density
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Figure 3.2: (a,c) Side view of free-standing stanene layer and stanene bound to the
Al>,03(0001) slab, respectivelyb) Side view of bare alumina slab. The yellow features
are an isosurface of the local density of states (LDOS) integrated from the Fermi level
( )to 1.0 eV above . (d-f) Density of states (DOS) plots for free-standing stanene,
bare alumina, and bound stanene on alumina, respectively. In the plot for the full system,
the DOS is also projected onto the Lowdin orbitals of the tin atoms (stanene) and the
aluminum/oxygen atoms (ADs°.

of states (DOS) of the free-standing stanene layer, the bare alumina slab, and the stanene-
substrate complex (Figures 3.2(d-f)). The bare alumina slab displays a peak in the DOS just
above the Fermi level, which represents a surface state localized to dangling orbitals on
the top layer of exposed Al atoms (left panel of Figure 3.2(b)). This state vanishes upon the
binding of stanene as can be seen from Figure 3.2(f), the states of the full complex near
the Fermi level are dominated by Sn orbitals. The unoccupied alumina orbital hybridizes
with various Sn orbitals, spreading out in energy over the former alumina gap. In particular,
a portion of this orbital forms a new bonding orbital betweé&nand 0 eV in Figure 3.2(f).

We con rmed that the originally empty dangling states of the alumina slab remain
localized to the vicinity of the exposed Al atom by examining the redistribution of electron

density shown in Figure 3.3. During binding, electron density redistributes from the cyan
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